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Abstract

Statistical models of individual-level disease progression play an important role in
a number of health studies. Typically, these studies use simulation-based methods
(SBMs) to calibrate the parameters of the models, that is, to select parameters so that
certain model outputs (under the parameters) agree with corresponding target data.
SBMs provide studies with the freedom to construct complex models and to use di-
verse sources of target data to calibrate the models. SBMs, however, can require large
amounts of computation time, due to the potential need to run many computation-
ally expensive simulations. In this work, we restrict our attention to using disease
prevalence target data to calibrate a class of discrete-time Markov chain models that
have covariate-dependent transition probabilities. Disease prevalence data captures
the proportion of individuals in the population who are in given states at given times.
We formulate the calibration problem as a (deterministic) non-convex optimization
problem and consider solving it with first order methods that just require relatively
inexpensive matrix-vector multiplications (instead of simulations). We investigate the
performance of our methods through computational experiments and apply them in a
case study on Opioid Use Disorder. We show that our method reduced computational
barriers to building more geographically accurate models of OUD at the county level,
enabling improved decision making by public health practitioners at the state and local
level.
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1 Introduction

Statistical models of individual-level disease progression play an important role in a num-
ber of health studies. Typically, these studies model individual-level disease progression as a
stochastic process on a finite state space, where each state in the state space captures a differ-
ent stage of the disease in an individual. Developing these models can help better understand
disease progression, evaluate treatment options and other evidence-based interventions, and
identify opportunities for prevention and early intervention. As an example, consider Figure
1, which depicts the transition diagram of a Markov chain model of individual-level opioid
use disorder (OUD); see Subsection 1.2 for a discussion about the motivation for developing
and calibrating models of OUD and a description of the state space.
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Figure 1: Transition diagram of a Markov chain model of Opioid Use Disorder (OUD). All
states have self-transitions that are not illustrated in the diagram.

A number of studies aim to construct complex models that provide a comprehensive de-
piction of disease progression. These studies often consider non-Markovian models. Many
other studies restrict their attention to Markov chain models. Early work in this direction
dates back to several studies [11,32] which assume that the transition rates of continuous-
time Markov chain (CTMC) models (or the transition probabilities of discrete-time Markov
chain (DTMC) models) do not vary across individuals or with time. In these models, the
transition intensities (or transition probabilities) are the model parameters. Other more
recent studies assume that some of the transition rates of CTMCs (or the transition prob-
abilities of DTMCs) are parametric functions of covariates; see, for instance, [12,28,35]. In
these models, the function parameters are model parameters.



The parameters of individual-level disease progression models are either determined from
the literature or disease experts, calibrated so that model outputs agree with available target
data, or both (e.g., using calibration methods to fine-tune parameter specifications deter-
mined from the literature/disease experts). Calibration refers to the adjusting of the model
parameters until a certain model output (e.g., the probability that the model is in a given
state at a given time) agrees with target data (e.g., the proportion of individuals observed
to be in a given state at a given time). Typically, studies use pooled cross-sectional data
(from a variety of different sources) as target data. In particular, many studies [16,17,21] use
disease prevalence data that captures the proportion of individuals that are in given states
at given times. Disease prevalence data is often readily available in contrast to panel data
that captures the state of each individual in a cohort at certain times; running a clinical trial
to obtain panel data can be expensive or infeasible.

Most studies use simulation-based methods (SBMs) to calibrate model parameters. SBMs
run simulations to estimate model outputs under different parameters. SBMs fall into one
of two categories: empirical (or direct search) methods and Bayesian methods. Empirical
methods search the parameter space for a point estimate of the parameters that minimizes
some form of error between the model outputs and target data. A number of studies em-
ploy the Nelder-Mead method [31] to search the parameter space. In optimization parlance,
empirical methods can be interpreted as simulation optimization methods [8] (or more gen-
erally stochastic zeroth-order methods). Simulation optimization methods aim to minimize
an objective function (in this case the error between the model outputs and target data)
using objective function value estimates obtained from simulations. Bayesian methods, on
the other hand, construct an estimate of the posterior distribution of the parameters. We
direct the reader to [14,33] for surveys of empirical and Bayesian methods.

In theory SBMs can be used to calibrate a model with any type of target data as long
as we can run simulations to estimate the corresponding model output for that target data.
Accordingly, in theory SBMs provide studies with the freedom to construct complex models
and to use diverse sources of target data to calibrate the models. SBMs, however, can require
a large amount of computation time, ultimately limiting the complexity of the models that
can be calibrated in practice with these methods. In order to properly search the parameter
space, empirical calibration methods must run enough simulations for each set of parameters
considered in the search to ensure that estimates of model outputs are close to the true model
outputs. Consequently, if there are a large number of targets, or if there is a lot of variance,
these methods require a large number of simulations. Furthermore, methods like Nelder-
Mead are not guaranteed to converge to a stationary point of the objective function. Bayesian
calibration methods typically require an even larger number of simulations due to the fact
that they construct an estimate of the entire posterior parameter distribution (instead of just
a point estimate of the parameters) [25]. However, some recent studies attempt to address
this. For instance, [17] recently proposed using a neural network metamodel of the map
from model parameters to targets in the Bayesian calibration instead of using simulations
to evaluate the map. However, training a neural network metamodel that is an accurate
enough approximation of the map can still require a large number of simulations.

While simulations are needed to compute general outputs of general disease progression
models, many studies restrict their attention to calibrating Markov chain models with disease
prevalence target data. This begs the question of whether we can leverage the mathemati-



cal structure of Markov chain models to develop more efficient methods for calibrating this
class of models using prevalence data? The aim of this paper is to explore this idea. We
restrict our attention to calibrating the parameters of a class of DTMC models that we call
covariate-dependent discrete-time Markov chains (CD-DTMCs). By covariate-dependent,
we mean that some or all of the transition probabilities of CD-DTMCs are functions of co-
variates; we present a formal description of CD-DTMCs along with the calibration problem
of interest in Subsection 1.1. We further discuss an application of the calibration problem
in a case study on OUD in Subsection 1.2.

An overview of our approach to calibrating the models along with its advantages is as
follows. We formulate the calibration problem as a non-convex optimization problem and
consider solving it with (deterministic) first order methods (as opposed to stochastic zeroth
order methods). Our approach does not require simulations to estimate objective function
values (like SBMs), but it instead just requires (inexpensive, relatively speaking) matrix-
vector multiplications to explicitly evaluate the objective function (and gradient). We also
show that that certain first order methods are guaranteed (under mild conditions) to converge
to a stationary point (unlike Nelder-Mead). We present a more detailed description of our
approach and contributions in Subsection 1.3.

1.1 CD-DTMC model and calibration problem

CD-DTMC model. Let S := [n] :={1,...,n} for n € Z~, denote the state space of the
DTMC, and let G = (S, A) denote its transition diagram. That is, G is a directed graph,
and A is the set of possible transitions. Define m := |A| to be the number of transitions.
For instance, Figure 1 depicts the transition diagram of a Markov chain model of OUD that
has n = 7 states and m = 26 transitions.

Let A. C Aand Ay = A\ A.. We refer to A, and Ay as the covariate-dependent and
fized transitions, respectively. Define m. := |A.| and m; := |A¢|. For each ij € A, the
probability that the DTMC transitions to state j at time ¢t € Z-( given that the DTMC
is in state ¢ at time t — 1 depends on covariates :L‘Z(]t) € R%i. More precisely, the transition

probability is — up to a scaling factor — given by g;;( ; ZES)), where 3;; € R%i are coefficient
parameters, and g;; : R — Ry is a transition function. (A scaling factor is needed to ensure
that the transition probabilities for transitions leaving a given state sum to 1. Below we
present a full description of the transition probabilities that includes the scaling factors.)
For each fixed transition ij € Ay, the probability that the DTMC transitions to state j at
time ¢ given that the DTMC is in state ¢ at time t — 1 is — up to a scaling factor — equal to
the fized transition probability p;; € Rso.

A full description of the transition probabilities that includes the scaling factors is as
follows. We collect the coefficient parameters f3;;, ij € A into 8 € R?, where d := > d;j.

For each transition ij € A, we define a weight function w;; : R? x RY — Ry by

ijEA:

By ifij € Ay,

wij(z, B) = { (1)

where x;; € R%  and z € R? contains z,;, ij € A.. And we define a transition probability



function py; : R? x RY — Ry by

) . wij(z, B)
piile, f) = 2oken+(p) Wik(e, B)°

where Nt (i) := {k € S :ik € A} is the set of out-neighbors of state i. The probability that
the DTMC transitions to state j at time t € Z-q given that the DTMC is in state i at time
t — 1 is given by p;;(z®, B).

Finally, let X be the state of the DTMC at time ¢ = 0, and denote the initial distribution
of the DTMC by p® € [0,1]", i.e., ﬁgo) :=P(Xo=1) for each i € S.

(2)

Calibration to prevalence data. Let ﬁgt) denote an estimate of the proportion of indi-
(t)

viduals in the population of interest who are in state ¢ at time ¢t € Z~,. We refer to p,” as a

disease prevalence estimate. Disease prevalence data ﬁgt), (i,t) € D, where D C S x [T] for
some T € Z-~, consists of disease prevalence estimates. In health studies, disease prevalence
estimates are typically only available for a subset of state-time pairs. In particular, we will
see in Subsection 1.2 that this is the case for our OUD case study. Thinking of the dis-
ease prevalence estimate f)gt) as a target, the corresponding model output is the (marginal)

probability that the DTMC is in state ¢ at time ¢, namely

pl(t)(x(lst),ﬁ) — P(Xt(l'(lzt),ﬂ) _ ’i),

where X, (2(***), 3) equals the state of the DTMC at time ¢, and the columns of (") € R**?
are zM, ... 2®,
In this work we consider the calibration problem of determining coefficient parameters
S € RY such that
A~ pP (20 8), (i,t) € D.

We assume that a modeler has specified a transition diagram G, the covariate-dependent
transitions A., the fixed transitions Ay, and the transition functions g;;, ij € A.. We also
assume that we have covariate data z(*), t € [T, fixed transition probabilities p;;, ij € Ay,

an initial distribution p®, and disease prevalence data ﬁ(t), (i,t) € D. In Appendix A we

i

discuss how we determined these quantities for the OUD case study.

1.2 Case study: OUD in the United States at the county level

Opioid overdose deaths continue to remain at high levels in the United States (U.S.), driven
primarily by synthetic opioids such as illicitly manufactured fentanyl. Provisional data from
the National Center for Health Statistics [7] estimates more than 83,000 opioid-involved
overdose deaths in 2022. Data from the 2021 National Survey on Drug Use and Health
indicate that approximately 5.6 million people in the U.S. had an OUD in the past year [6].
There is substantial geographic variation in overdose mortality across the U.S. with states
such as West Virginia, Delaware, and Kentucky seeing the highest burden of overdose deaths
in 2021 [5]. Developing and refining disease progression models of OUD, particularly with
increased geographic specificity, can help public health practitioners at the state and local
level better understand how the disease progresses in a continually evolving overdose crisis



[29] and inform opportunities for intervention. However, models with increased geographic
specificity, such as models at the county level, also have increased data and calibration needs
in order to be accurate.

Our goal in this case study is to model how certain covariates impact OUD progression
at the county level in the U.S. We consider four county level covariates of interest that were
identified by subject matter experts: the annual (i) naloxone (an opioid overdose reversal
medication) dispensing rate, (ii) opioid prescribing rate, (iii) proportion of drug seizures
with illicitly manufactured fentanyl, and (iv) buprenorphine (a medication approved by the
Food and Drug Administration for OUD treatment) prescribing rate. We have data for each
of these covariates at the county or state level for years 2007 to 2018; see Appendix A for
a detailed description of the data. To model the impact of these covariates, we consider
constructing CD-DTMC models of OUD at the county level. Because we seek to construct a
model for each of the 3,142 counties in the U.S., it is important to have an efficient calibration
method. We restrict our attention to developing methods to calibrate the models (as opposed
to also extracting insights from the calibrated models).

Figure 1 depicts the transition diagram of a CD-DTMC model of OUD that was con-
structed by a panel of experts in addiction medicine and substance use disorder. The model
has 7 states and 26 transitions (this includes the self-transitions at each state, not depicted).
State Nonuse (NU) represents individuals who do not use opioids; state Prescription Use
(PU) represents individuals who use prescription opioids, as prescribed; state Misuse (MU)
represents individuals who misuse prescription opioids or use illicit opioids; state Opioid Use
Disorder (OUD) represents individuals with OUD; state Treatment (T) represents individu-
als who are receiving medication for OUD); state Overdose Death (OD) represents people who
have died from an opioid-involved overdose, and state OUD-related Death (RD) represents
individuals who have died from an OUD-related cause other than an overdose.

We note that the model is a simple version of the full model that we ultimately aim to
calibrate. In particular, we intend to consider a non-Markovian model. More specifically,
we intend to consider a model in which some of the transition probabilities to some extent
depend on the history of the model, instead of just the current state. Of course, naively
converting such a model into a CD-DTMC model would result in a state space explosion;
we discuss how we plan to handle this in future research in Section 6.

It is assumed that transitions occur on a monthly basis. We will think of X, as the state
of OUD (or lack thereof) in an individual in some county at the beginning of the year 2007.
And for t > 0, we will think of X,(z(**, 3) as the state of OUD in an individual after ¢
months have passed. Since we have covariate data for 12 years (i.e., 2007 to 2018), we have
that T" = 144 in this case. Recall that we have annual, not monthly, covariate data. The
setup in Subsection 1.1 calls for (in this case) monthly covariate data. We will simply use
the same annual data to obtain monthly rates for each given year; see Appendix A for a
mathematical description of how we process the covariate data.

Observe that the CD-DTMC can transition from state OUD to state OD, capturing the
fact that an individual with OUD could overdose and die. The probability of transitioning
from state OUD to state OD at time ¢ depends in part on illicitly manufactured fentanyl
seizures, which serves as a proxy variable for the drug supply, around time . We might expect
that if a higher proportion of illicitly manufactured fentanyl is being seized, then (all else
equal), more individuals with an OUD might be exposed to illicitly manufactured fentanyl,

6



leading to more transitions from state OUD to state OD. To capture this consideration, we
could model the transition from state OUD to state OD as a covariate-dependent transition
that depends on the illicitly manufactured fentanyl seizures. For example, we could use a

sigmoid transition function goup op(z) = #p(_z) and the weight function

1

WOUD,0D (ﬂﬂ(t), 5) )

= t
1 + exp(—fBoup,0op,0 — 5OUD,OD,1x(O%JD,OD,1>

where xg%D’ODJ is the proportion of illicitly manufactured fentanyl seized around time t.
We could model the other transitions as covariate-dependent transitions (as well) or as fixed
transitions. In the latter case, we set the corresponding fixed transition probabilities to be
equal to time-homogeneous estimates of the transition probabilities that were informed by
experts; see Table 5 in Appendix A for a description of these estimates.

In the computational experiments in Section 5, we consider three CD-DTMC models
that have different covariate-dependent transitions. We summarize the covariate-dependent
transitions for each model along with the covariates for each of these transitions in Table
1. Model 1 is the simplest model; it has 1 covariate-dependent transition, namely from
state OUD to state OD. Model 2 is slightly more complicated and has 2 covariate-dependent
transitions. Model 3 is the most complicated model; it has 3 covariate-dependent transitions.
In each model, all covariate-dependent transitions have an intercept coefficient. It follows
that in total (taking into account the intercept coefficients), Model 1 has 2 coefficients, Model
2 has 4, and Model 3 has 7. All three models have sigmoid transition functions (as described
above).

Model | OUD to OD NU to PU OUD to T
1 Proportion of illicitly | x X
manufactured fen-

tanyl seized
2 Proportion of illicitly | Opioid prescribing | x
manufactured fen- | rate
tanyl seized
3 Proportion of illic- | Opioid prescribing | Buprenorphine  pre-
itly manufactured | rate scribing rate
fentanyl seized and
naloxone dispensing
rate

Table 1: Summary of covariate-dependent transitions along with the covariates for each of
these transitions for Model 1, 2, and 3.

We consider calibrating the coefficient parameters 5 of these three models to agree with
disease prevalence targets for states OUD and OD. We have disease prevalence estimates for
each of these states at times ¢t = 12,24, ..., 144 months; see Appendix A for a more detailed
description of this data. It follows that, in this case,

D - {(OUD, 12t>}t€[12} U {(OD, 12t)}t€[12]-
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Once the parameters [ of the models are calibrated, we can use the model to predict the
impact of certain covariate values on overdose outcomes.

1.3 Summary of our approach and main contributions

We consider finding coefficient parameters that minimize the sum of squared error between
model outputs (the probability that the CD-DTMC is in given states at given times) and
disease prevalence targets (estimates of the proportion of people in given states at given
times):
2
. t : A(t
min (pl( )(a:(l‘t), B) — pg )> : (3)

d
peR (i,t)eD

2
Let f denote the objective function of (3), i.e., f(8) := > yep <p£t)(:1:(1:t),ﬁ) —ﬁE”) :

Transition function assumptions. We study problem (3) under different assumptions
about the transition functions g;;, ij € A.. In Section 2 we discuss these assumptions and
present three specific transition functions (the logistic, sigmoid, and exponential functions)
that satisfy them.

Properties and evaluation of the objective. In Section 3 we focus on establishing
properties of the objective f along with developing an algorithm for evaluating f. First, we
provide an analytic formula for the probability pl(-t) (), 3) that a CD-DTMC model is in
state ¢ at time t. The formula generalizes a formula for time-homogeneous DTMCs. We use
the analytic formula to show that f is non-convex. The formula also enables us to explicitly
compute pgt)(:c(l’t), f) with matrix-vector multiplications (instead of estimating the quantity
with simulations), which in turn enables us to compute f(f3) (i.e., evaluate the objective).
We present an algorithm for evaluating the objective that requires O(max{d,n*}T) opera-
tions and O(m.T") transition function evaluations; we use the algorithm as a subroutine for

solving (3) in the computational experiments in Section 5.

Properties and evaluation of the gradient. In Section 4 we study the gradient V f
of the objective f. (The gradient is well-defined as long as we assume that the transition
functions are differentiable). First, we establish an analytic formula for Vf(5). Using the
formula, we show that the gradient is Lipschitz continuous under certain assumptions about
the transition functions that we discuss in Section 2. This result implies that various first
order methods are guaranteed to converge to a local minima under mild conditions [22,23,34].
(Nelder-Mead, in contrast, is not even guaranteed to converge to a stationary point.) We
also provide an algorithm for computing the gradient that uses matrix-vector multiplications.
Running the algorithm requires O(n max{d,n}T?) operations, O(m.T) transition function
evaluations, and O(m,T") transition function derivative evaluations. Note that it is more
expensive to evaluate the gradient than the objective function. We use the algorithm as a
subroutine for solving (3) in computational experiments in Section 5.

Computational experiments. In Section 5 we carry out computational experiments. In
particular, we compare the empirical performance of the Broyden—Fletcher—Goldfarb—Shanno
(BFGS) algorithm (a first order method) with Nelder-Mead. (In our implementation of
Nelder-Mead, we compute objective values with the algorithm that we develop in Section 3,



instead of estimating the objective values with simulations. Consequently, our implementa-
tion requires much less computation time.) We demonstrate that both of these methods can
be used to calibrate models in a matter of seconds that would otherwise require hours (using
SBMs). We also observe that, in almost all of our experiments, BEGS recovers ground truth
parameters, but Nelder-Mead does not. By ground truth parameters, we mean parameters
that we specified and then used to generate disease prevalence data. It is interesting that
BFGS frequently recovers ground truth parameters in light of the fact that f is non-convex.
Finally, we apply our methods in a case study on Opioid Use Disorder (OUD) and highlight
some important practical considerations.

1.4 Related work

Below we discuss two related lines of work that develop special purpose methods for cali-
brating specific models to specific types of target data.

Multi-state models and panel data. A number of health studies consider multi-state
models of disease progression. A multi-state state model is a continuous-time stochastic
process on a finite state space. We direct the reader to the survey [9] for a review of
fundamental multi-state models of disease progression. Recently an R package [15] was
developed for estimating the parameters of certain multi-state models from panel data (which
recall captures the state of each individual in a cohort at certain times). Certain covariate-
dependent multi-state models can be calibrated with the package. The package utilizes
maximum likelihood estimation (not SBMs) to estimate the parameters. Of course, the
package cannot be used to estimate the parameters from disease prevalence data; SBMs are
currently used in these scenarios.

Time-homogeneous DTMCs and aggregate data. The statistics literature considers a
few methods for estimating the transition probabilities of time-homogeneous DTMCs from
fully observed prevalence data (i.e., prevalence data that contains prevalence estimates for
every state at every time). These methods are not specifically designed for calibrating disease
progression models, and what we call prevalence data, they refer to as aggregate data. There
are studies that consider using least squares [19,24,27,30], ridge regression [20], maximum
likelihood estimation [26], and method of moments [13]. In contrast to our work, however,
none of these studies consider partially observed prevalence data or DTMC models with
transition probabilities that depend on covariates.

1.5 Organization

The remainder of the paper is organized as follows. In Section 2 we discuss transition
function related assumptions, and we present three types of transition functions that satisfy
them. In Section 3 we present results related to the objective f, and in Section 4 we present
results related to the gradient V f. We investigate the empirical performance of our methods
through computational experiments in Section 5. Finally, in Section 6 we conclude with
discussion and discuss future research directions.



2 Transition functions and related assumptions

Throughout we make a number of different assumptions about the transition functions g;; :
R — R.g, ij € A.. Here we summarize these assumptions along with where we use them.
We also present three types of transition functions that satisfy all of the assumptions.

Transition function assumptions. First, we note that the assumption that the transition
functions take on positive values ensures that the weights (1) take on positive values, in turn
implying that the transition probabilities (2) are well-defined.

In Section 4 we will see that in order to ensure that the gradient V f is well-defined, it is
sufficient to assume that the transition functions are differentiable:

Assumption 2.1. For each ij € A, the transition function g;; is differentiable.

In Section 4 we show that V f is Lipschitz continuous under Assumption 2.2 below. The
assumption states that the transition functions are twice differentiable and that the absolute
values of the first and second derivative values are bounded above by the function values.

Assumption 2.2. For each ij € A., the transition function g;; is twice differentiable. Fur-
thermore, ]gl’-j| < gij and |g;;| < gij-

We apply zeroth and first order methods to (3) in our computational study in Section
5. Both of these types of methods require an initial point. Considering transition functions
that have inverses will help us to choose a “good” initial point.

Assumption 2.3. For each ij € A., the transition function g;; has an inverse.

Note that if each transition function is either strictly increasing or strictly decreasing,
then Assumption 2.3 holds.

Logistic, sigmoid, and exponential transition functions. Deciding which transition
functions to use is ultimately up to the modeler. We provide three types of transition
functions that satisfy the above assumptions, namely the logistic, sigmoid, and exponential
transition functions. We present a description of each of these transition functions along
with their first derivatives, second derivatives, and inverses in Table 2. What we call the
sigmoid transition function is often referred to as the logistic function in the literature, and
what we call the logistic function is often referred to as the logistic loss function.

The transition functions in Table 2 take on positive values. Furthermore, it is clear that
they satisfy Assumption 2.1 and 2.3. In Proposition 2.1 below we verify that they also satisfy
Assumption 2.2. We provide a straightforward proof of the proposition in Appendix B.

Proposition 2.1. If g : R — Ry is either the logistic, sigmoid, or exponential transition
function (as defined in Table 2), then |¢'| < g and |¢"| < g.

Proof. See Appendix B. m
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Transition g(z) g (2) 9" () g 1(2)

function

Logistic In(1 + exp(2)) 1+e+p(—2) % In(exp(z) — 1)
: : 1 exp(—2) 2exp(—22) exp(—2) z

Sigmoid Ttexp(—2) (IFexp(=2))? | (Fexp(=2))® — (Ifexp(=2))° I ()

Exponential exp(z) exp(z) exp(z) In(z)

Table 2: Transition functions ¢ : R — Ry of interest along with their first derivatives ¢,

second derivatives ¢”, and inverses g~

3 Properties and evaluation of the objective

In this section we focus on establishing properties of the objective f and developing an algo-
rithm for evaluating it. Throughout we do not make any assumptions about the transition
functions. Accordingly, the algorithm could in theory be used as a subroutine in zeroth-order
methods in settings in which the transition functions are not differentiable.

Properties of the objective function. Let 3 € R?. First, we present an analytic formula
for the probability pgt) (1) B) that the CD-DTMC is in state i at time ¢ € Zso. This will
in turn provide us with an analytic formula for f(53).

For x € R4, define the transition probability matrix P(z, 3) € R™™ by

pij(z, ) ifije A

. /L7j E S7
0 otherwise,

and let e; denote the i-th unit vector in R™. We present the analytic formula in Proposition
3.1 below. The proposition extends the following fact about time-homogeneous DTMCs
to the setting of interest. If P and p(® are the transition probability matrix and initial
distribution vector of a time-homogeneous DTMC, respectively, then the probability that
the DTMC is in state i at time ¢ equals e, (PT)'p(?); see, for example, [18].

Proposition 3.1. For § € R? and (i,t) € S x [T],
pl(t)(x(lzt)’ﬁ) _ e;rp(x(t)’ﬁ)"l' . P(:v(l),ﬂ)T]ﬁ(O).
Proof. See Appendix C. m
From Proposition 3.1 and the definition of f (see Subsection 1.3), we have that
2
FB) = > (T Pa.B)T - P, 3T —5) .
(i,t)eD

From this expression for f(3) it is not hard to see that f can be non-convex. Example 3.1
below presents a simple instance of the calibration problem in which f is a 1-dimensional
non-convex function.
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Example 3.1. Suppose that S = {1,2} and A = {11,12,22}. Also suppose that A, = {11}

and dy; = 1. That is, there is one covariate dependent transition (i.e., transition 11) that

has one coefficient parameter 1 ;. Further suppose that xﬁ) =1, p12 = 1, g11(2) = exp(2),

and p© = (1,0). Then
) (@0, 8) = pi"ply (=1, 8) + piply (=), B)
= p\y (=M, B)
_ ]512

Di2 + 911(511,&&11))
1

14 exp(Bina)
Finally, suppose that T'=1, D = {(2,1)}, and ﬁgl) = 1/2. Then it follows that

— (oW (M gy _ 52 — ;_1)2
O = e ) =) (1+exp(312,1) 2) 7

and hence f is a 1-dimensional non-convex function.

Given that f can be non-convex, it is not clear that local search methods will converge to
a globally optimal solution of (3). Note, however, that in the (albeit very simple) instance
of Example 3.1, the objective f has a unique stationary point. Through computational
experiments in Section 5 we investigate the extent to which local search methods empirically
converge to a globally optimal solution.

Evaluating the objective function. Next, we turn our attention to evaluating f. To
this end, we consider Algorithm 1. The algorithm exploits the following two facts that are
apparent from Proposition 3.1. First, it exploits the fact that the quantities pz(»t) () B),
(i,t) € D depend on similar products of transition probability matrices. Second, it exploits
the fact that each of these quantities can be computed with matrix-vector multiplications.

Algorithm 1 Evaluating the objective f at f € R?

Input: Transition probability matrices P(z®, 8), ¢t € [T] and initial distribution p(®

obj <0
: p) = P(zW, B)Tp©)
cfort=2,...,T do
for i € S such that (i,t) € D do
obj 4= obj + (p;” — "))’
end for
P P(x®, g)Tpt=1
end for
: Return obj

© X gy

Note that Algorithm 1 takes the transition probability matrices P(z®,3), t € [T] as
input. We review the total computational complexity of computing the transition probability
matrices and running Algorithm 1 in Remark 3.1 below.
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Remark 3.1. The computational complexity of computing the transition probability matri-
ces P(z), ), t € [T]is as follows. Fixt € [T]. Computing the inner products Bgzg), ij € A
requires O(d) operations. Given these inner product values, computing the weight values
wy; (2, B), ij € A, requires O(m,) transition function evaluations. Furthermore, given these
weight values, computing the transition probability matrix P(z(*), 8) requires O(m) opera-
tions. Thus, computing all of the transition probability matrices requires O(max{d, m}T)
operations and O(m,T") transition function evaluations.

Now let us consider the computational complexity of Algorithm 1. Steps 2 and 7 of
Algorithm 1 dominate the computational complexity of the algorithm. Both of these steps
require O(n?) operations. Thus Algorithm 1 uses O(n?T) operations.

Thus, because m < n?, computing the transition probability matrices and running Algo-
rithm 1 in total requires O(max{d, n*}T) operations and O(m,T') transition function evalu-
ations.

4 Properties and evaluation of the gradient

In this section we focus on establishing properties of the gradient Vf and developing an
algorithm that primarily uses matrix-vector multiplications to evaluate it. Throughout we
assume that the transition functions either satisfy Assumption 2.1 or Assumption 2.2; which
assumption we assume to hold will be clear from context.

Let z,8 € R? and ij € A.. For k € [d;;], we write the k-th entry of §;; and w;
as Bijr and ;;, respectively, and we take #;P(x,ﬂ) to denote the n X n matrix that
contains the partial derivatives (with respect to variable f;;;,) of the entries of P(x, 3); that
is, [%WP(m,ﬁ)]m, = ﬁ[ﬁ’(m,ﬁ)]w for u,v € S. (The partial derivatives are well-defined
under Assumption 2.1.) Also, for a differentiable function h : R? x R? — R, we collect the
partial derivatives ﬁfjkh(x, B), k € [d;;] into Vh(z, 3) € R%i.

An analytic formula for the gradient. Here we provide a formula for Vf(5). Let
uv € A. First, we provide an expression for the partial derivative %puv(:ﬁ,ﬁ) of the
¥

transition probability function p,, evaluated at (z, ).

Proposition 4.1. Suppose that Assumption 2.1 holds. Let z,3 € RY. Forij € A., k € [d;],

and uv € A,
/ Txi_ . L wie(x, . .
gij(ﬁij J)ZZGN+(1)\{]} 2[( B) Iijk u=1 and v = j
a /((Zﬁérej\r;(l) u(’lﬁ(ﬁx),ﬂ))
7 Pu(®, B) = § — LuLiti P u=1andv € NT(i '
aﬁijk (ZeeN+(i) w,-g(x,ﬁ))Q Jk ( ) \ {j}
0 otherwise.

Proof. The proposition follows from the definition of the transition probabilities (2), the
definition of the weights (1), and the quotient and chain rule for derivatives. O

Remark 4.1. From Proposition 4.1, we see that all entries of %P(x, f) that are not in
ij

the i-th row of %P(m, B) are equal to zero.
ij
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We make note of the following expression for V,;p,,(z, 5) that immediately follows from
Proposition 4.1.

Corollary 4.1. Suppose that Assumption 2.1 holds. Let x, 3 € R?. Forij € A, anduv € A,

géj (ﬁ;gww) ZﬁeN“'(i)\{j} wie(x,B)

Ti; u=1andv=j
(ZgFENﬂi) wie(ﬂﬁ,b’))z J J
VigPu(®,0) = § — gij(ﬁijxij)w‘w(mﬁ)zxzj u=1andv € NT(i)\ {j}
(ZZEN+(~L) wie(z,8))
0 otherwise.

Proposition 4.2 below establishes a formula for the partial derivatives of the objective
function in terms of the partial derivatives of the transition probability functions. Accord-
ingly, the proposition together with Proposition 4.1 provide us with formula for V f ().

Proposition 4.2. Assume that Assumption 2.1 holds. Let 3 € RY. For each ij € A, and

k € [dy],
0 0
-9 21 ) ( (L )7 7
8/3’ij]€ stZGD B ps >aﬁzjkps ( 6)
where
0
() (. (L1:t)
by (x5, B)
0Biji”°
t T
= Z eSTP(z(t), 5)7 e p(x(“rl)7 B)T [%@’5)] p(x(f—l), 5)T . p(x(l)7 B)Tﬁ(o)-
=1 ik

Proof. The proposition follows from Proposition 3.1 along with the chain and product rule
for derivatives. O

Lipschitz continuity of the gradient under Assumption 2.2. The gradient of a dif-
ferentiable function h : R? — R is Lipschitz continuous if there exists L € R-g such that
IVRh(B1) — Vh(B2)|| < L||B1 — Bl for all B, 3, € R% Furthermore, we say that Vh is
L-Lipschitz continuous. Whether or not the gradient of the objective of an unconstrained
optimization problem is is Lipschitz continuous impacts the convergence properties of first
order methods applied to that objective. For instance, if we apply gradient descent (with a
sufficiently small constant step-size) to an objective h that has Lipschitz continuous gradient,
and if the iterates of gradient descent remain bounded, then gradient descent is guaranteed
to converge to a local minimizer of h [22,23]. We direct the reader to [34] for a more general
overview of the role that Lipshitz continuity plays in the convergence of first order methods.

Proposition 4.3 below establishes that the gradient V f is (3]S]*T"> P |2]|2)-Lipschitz
continuous under Assumption 2.2. A sketch of the proof of Lemma 4.3 is as follows. First,
using Assumption 2.2, we bound the absolute value of the first-order and second-order partial
derivatives of the transition probabilities; see Lemma D.1. This part of the proof requires
a good amount of case work. Next, using these bounds, we then bound the second-order
partial derivatives of f, which in turn enables us to bound the maximum eigenvalue of the

Hessian of f by 6n® Zte[T} 2|z ®]3.
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Proposition 4.3. Suppose that Assumption 2.2 holds. Then the gradient V f of the objective
of (3) is (6n° 3,y 2| z®||?)-Lipschitz continuous.

Proof. See Appendix D. n

Evaluating the gradient. Next, we turn our attention to evaluating the gradient V f with
Algorithm 2 From Proposition 4 2, computing V f(5) boils down to computing terms of

the form ps ( (1) 3) and 86 ps ( (1:) 3). Naturally we can compute terms of the form

pg )(x 1) 3) with an algorithm similar to Algorithm 1, so let us focus our attention on how
Algorithm 2 computes terms of the form 3 a pgt)( (1:) ' 3). More precisely, we focus on

computing terms of the form Vl]pgt)( (1:1) 5).
Recall that z, 3 € R? and ij € A.. Define the multiplier vector a;;(x,3) € R™ by

gg]’ (52—;“7) ZZGN+(¢)\{” wie(z,8)
P
(ZégN“r(i) wié(zﬂ))

[Oé@(,fCHB)],U e _ gij(ﬁgmij)ww(:p,ﬂ) e N+ v e S
’ (Zeezvﬂi) wie(xw@’))2 ( ) \ {]}

0 otherwise

From Proposition 4.1, the i-th row of %P(z, ) equals ovj(z, B)xi;i. It follows from Remark
4.1 and Proposition 4.2 that

Vljps ( lt) ﬂ)

—Z 0, B) 7 P, 5) oy (29, 9)], [P, BT P, 5O 2 (4)

Algorithm 2 maintains a list L;; of vectors, and it also maintains a list R of vectors. Let
t € [T] such that ¢t > 1. Consider the ¢-th iteration of the main for loop in Algorithm 2. Let
¢ € [t]. After Step 11 has been completed, the ¢-th entry in the list L;; is

Lyl = P, 8)" - P(a!™, 8)Tay;(29, B),
and the /-th entry in the list R is given by

R[] =P, 8)" - P(aW, 5)Tp!”

It follows that we compute (4) in Steps 15-17. Also notice that we use matrix-vector multi-
plication to update list L;; in Steps 6-8, and we use matrix-vector multiplication to update
the list R in Step 10.

Algorithm 2 takes the transition probability matrices P(z, ), t € [T] and multiplier
vectors a;i(z), B), (ij,t) € A. x [T] as input. We review the total computational complexity
of computing these inputs and running Algorithm 2 in Remark 4.2 below. In Remark 4.3 we
compare the computational complexity of evaluating the gradient with the computational
complexity of evaluating the objective.
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Algorithm 2 Evaluating the gradient Vf at 8 € R?

Input: Transition probability matrices P(z®, ), ¢ € [T], multiplier vectors ay;(z¥, 3),
(ij,t) € A, x [T], and initial distribution p®

1: g+ 0€R?

2: L;j <[] for each ij € A,
3: R+ [pY]

4: fort=1,...,T do

5: fort =1,...,t—1do

6: Lij[t'] = P(z®, B) T L;;[t'] for each ij € A.
7 end for

8: Append a;;(z®), B) to Li; for each ij € A,

9: if t > 1 then

10: Append P(x®V B)TR[t — 1] to R

11: end if

122 p® « P(z®, B)R[t]
13: for ¢ € S such that (i,t) € D do

14: G+ 0cR?

15: fort =1,...,tdo

16: Gij ¢ Gij + (L[] (R[]l for each ij € A,
17: end for

18: g g+200" —p")g

19: end for

20: end for

21: Return g

Remark 4.2. From Remark 3.1, we already know that computing the transition probabil-
ity matrices P(z, 8), t € [T] requires O(max{d, m}T) operations and O(m.T) transition
function evaluations.

Consider computing the multiplier vectors a;;(z¥), 3), (ij,t) € A. x [T]. Fix t € [T).
Computing the inner products Ja:l(;), ij € A, requires O(d) operations. Given these inner
product values, computing the weight values w;;(z®, 8), ij € A, requires O(m,) transition
function evaluations. Furthermore, given these weight values along with the inner product
values, computing the multiplier vectors ay;(x®, ), ij € A, requires O(m) operations and
O(m,.) transition function derivative evaluations. Accordingly, computing the multiplier vec-
tors ay; (2, B), (ij,t) € A. x [T] requires O(max{d, m}T) operations, O(m,.T) transition
function evaluations, and O(m.T") transition function derivative evaluations. (If the transi-
tion probability matrices and multiplier vectors are computed subsequently, then the inner
product and weight calculations of course only need to be done once.)

Now we consider the computational complexity of running Algorithm 2. At the ¢-th
iteration, implementing Steps 6-12 requires O(n?t) operations, and implementing Steps 13-18
requires O(dnt) operations. Therefore implementing Algorithm 2 requires O(n max{n,d}T?)
operations.

Thus, running Algorithm 2 and computing its inputs in total requires O(n max{n, d}T?)
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operations, O(m.T") transition function evaluations, and O(m,T") transition function deriva-
tive evaluations.

Remark 4.3. Recall that running Algorithm 1 to compute the objective of Algorithm 3 r
requires O(max{d,n?}T) operations. If d < n?, then Algorithm 2 requires a multiplicative
factor of O(T') more operations. If d > n?, then Algorithm 2 requires a multiplicative factor
of O(nT') more operations.

5 Computational experiments

Our first goal in this computational study is to compare the computational performance of
deterministic zeroth order methods and deterministic first order methods for solving problem
(3). In all of the methods that we consider, we use Algorithm 1 to evaluate the objective f,
and we use Algorithm 2 to evaluate the gradient V f. Recall from Section 1 that health studies
use stochastic zeroth order methods that require running a large number of simulations to
estimate the objective function values. Accordingly, these methods have significantly larger
runtimes than the deterministic zeroth order methods that we consider herein (hours as
opposed to seconds for problems with only a few parameters). Nonetheless, recall from
Remark 4.3 that the gradient is more expensive to evaluate than the objective, so it is still
of interest to understand the runtime differences between zeroth and first order methods.
We, however, are primarily interested in comparing the extent to which deterministic zeroth
and first order methods can recover ground-truth coefficient parameters 8* € R?. That
is, we specify ground-truth coefficient parameters §*, then generate prevalence estimates
pﬁt) = Et)(:t(l:t), p*) for each (i,t) € D, then apply zeroth and first order methods to the
corresponding instance of (3), and finally observe whether these methods return parameters
that are in some sense close to §*. Recall that Example 3.1 establishes that the objective
of (3) can be non-convex, so a priori it is not clear whether the local search methods that
we consider will converge to the ground-truth parameters. (It is also not even clear that
p* is the unique optimal solution to (3).) Zeroth-order methods such as Nelder-Mead are
not even guaranteed to converge to a stationary point, while Proposition 4.3 implies that
first order methods such as gradient descent (with sufficiently small constant step-size) will
(under mild conditions) converge to a local minima.

Our second goal is to use the methods developed herein to calibrate OUD models for
different U.S. counties. Recall that we ultimately seek to calibrate a model for each of the
3142 U.S. counties. In this case study, we restrict our attention to 14 large counties across
the US. We explore how much computation time is required to calibrate the models for these
counties, and we investigate how well the calibrated models fit the prevalence data. We also
discuss several practical considerations related to implementing the methods. In particular,
both zeroth and first order methods require an initial point as input, and the choice of the
initial point ultimately impacts the performance of the methods. We explain how this initial
point is constructed from expert opinion. We also discuss how to use the methods to assess
whether or not parameters are identifiable (i.e., whether or not two significantly different
sets of parameters generate the same prevalence data).

We consider the following three methods below. (We use the implementation of these
methods from the optimize package in the Python SciPy library. As subroutines for the
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methods, we use Algorithm 1 to evaluate the objective f, and we use Algorithm 2 to evaluate
the gradient V f.) Running each of these methods require an initial point. It will be clear
from context how we choose this initial point.

1. BFGS-g. The algorithm (that we call) BFGS-g is an implementation of the BFGS
algorithm. (We call it BFGS-g to distinguish it from the algorithm BFGS-f that we
introduce below.) BFGS is a first order method that typically solves moderately-sized
problems quite effectively in practice [34]. It is the only first order method that we
consider. Throughout we run the algorithm until the norm of the gradient of the
current iterate is less than 1073,

2. Nelder-Mead. Nelder-Mead is a zeroth order method. Recall from Subsection 1.4
that various health studies use Nelder-Mead. However, these studies use stochastic
estimates of the objective function values instead of the exact values as in this study.
Throughout we run the algorithm until the objective function values does not decrease
by more than 10730 from one iteration to the next or until the algorithm uses 10*
functions calls.

3. BFGS-f. BFGS-f is an implementation of the BFGS algorithm in which objective
values are used to approximate gradient values (via finite differences). It follows that
BFGS-f is a zeroth order method. We consider BFGS-f in addition to Nelder-Mead so
that we can more directly compare the impact of using derivative values (in BFGS-g)
in addition to function values. Throughout we run the algorithm until the objective
function values does not decrease by more than 10~%.

In Subsection 5.1 we use these methods to calibrate certain synthetic models and compare
their performance. In Subsection 5.2 we apply these methods in the case study on OUD.

Hardware and software. Our computational study is performed on a 2020 Macbook Pro
with an M1 chip and 8 GB RAM. Our algorithms are coded using Python, specifically the
NumPy and SciPy libraries.

5.1 Calibration of synthetic binary out-tree models

In this section we primarily evaluate the extent to which zeroth and first order methods can
recover ground-truth coefficients of synthetic CD-DTMC models that we call binary out-tree
models. We generate the synthetic calibration instances as follows.

To generate the transition diagram G, we generate a binary out-tree on N states (i.e., all
transitions “point away” from the root state) such that states are only missing at the “lowest
level.” If a state is missing at the lowest level, then so are all of the states to its “right.”
Next, we add an additional state to the transition diagram that represents death from a
cause unrelated to the underlying disease; we add transitions from every non-leaf state in
the binary out-tree to the additional state. Finally, we add self-transitions to all of the states.
The transition diagram could be thought of as a natural history of disease model for a disease
that can progresses in different ways. Note that n = N+1. We uniformly at random set K of
the outgoing transitions from non-absorbing states to be the covariate-dependent transitions
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A.. We set the other transitions to be the fixed transitions A;. For each ij € A., we set
gi; to be the sigmoid transition function; see Section 2. Each covariate-dependent transition
has M + 1 coefficient parameters (including an intercept coeflicient), i.e., d;; = M + 1 for

each ij € A.. For each ij € A. and time t € [T], we set x() 1, and we generate xgjgc
from a standard normal distribution for each k =2,..., M + 1. For each transition ij € A,
we generate the fixed transition probability p;; from the uniform distribution on [0,1]. To
construction the initial distribution, we first draw a value ]’520) from the uniform distribution
on [0, 1] for each non-absorbing state 7 in the transition diagram. For each absorbing state 7,
we set pz = 0. Finally, for each i € S, we set pZ = pzo)/(zles D; ) For each ij € A, and
k € [M +1], we generate a ground-truth coefficient parameter 37 " from the standard normal
distribution. We generate prevalence data using the ground-truth coefficient parameters 5*.
Specifically, we set p; = pgt) (x| B*) for each non-absorbing state i € S and each time
t € [T]. (Mortality data is often available for death states.) Finally, we generate an initial
point 5 for the zeroth and first order methods as follows. For each ij € A, and k € [M +1],
we draw 6 from the standard normal distribution.

Generatmg the above requires specifying T', N, K, and M. We use T' = 20 in all of our
experiments. We generate 10 binary out-tree models (and corresponding calibration data)
for each (N, K, M) € {5,10,15} x {1,2,4,5} x {1,2}. It follows that there are 300 models to
calibrate in total (10 for each of the 30 specifications of N, K, and M). We calibrate each of
these models with each of the three methods, and we report average (across ten instances)
results. Specifically, we report average distance to ground truth in Figure 2. By distance
to ground truth, we mean the Euclidean distance || — 3*||s between the parameters /3 that
the methods output and the ground-truth parameters 5*. We report average computation
time (in seconds) in Figure 3. We also report average number of objective/function calls in
Figure 7 in Appendix E.

We make the following observations:

e From Figure 2, we see that Nelder-Mead recovers ground truth parameters on instances
with a smaller number of covariate-dependent transitions, while BFGS-f recovers pa-
rameters on instances with a smaller number of coefficient parameters. Albeit BFGS-f
does not find parameters that are as close to the ground-truth coefficients as Nelder-
Mead on instances with a smaller number of covariate-dependent transitions. BFGS-f
in general does not find parameters that are as close to the ground-truth coefficients
as BFGS-g because BFGS-f uses approximate gradient values instead of exact gradient
values.

e Observe in Figure 2 that in general BFGS-g recovers the ground truth parameters.
Furthermore, it in general finds parameters that are closer to the ground-truth param-
eters than the zeroth order methods. It is interesting that BFGS-g converges to the
ground-truth parameters in light of the fact that problem (3) is non-convex. These
results highlight the potential importance of considering first order methods in health
studies instead of just zeroth order methods.

e From Figure 3, we see that the zeroth order methods require less computation time.
This is particularly evident for instances with more coefficient parameters. However,
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Figure 2: Average distance of method (Nelder-Mead, BFGS-f, and BFGS-g) outputs to
ground truth coefficients for the 30 binary out-tree model instances. N + 1 equals the
number of states of each model, and M + 1 equals the number of coefficient parameters for
each covariate-dependent transition in each model.

from Figure 7, BFGS-g requires significantly less function and gradient calls. This
could in part be explained by the fact that gradient is more expensive to evaluate than
the objective; see Remark 4.3. Nonetheless, the additional computation time seems
“worth it” in light of the fact that the BFGS-g can recovers ground-truth parameters
in more general settings.

5.2 Calibration of OUD case study models

In this subsection we consider calibrating CD-DTMC models of OUD progression that were
described in Subsection 1.2.

Parameter identifiability for a specific U.S. county. First, we evaluate the extent
to which BFGS-g can recover ground-truth coefficients for a specific U.S. county (”County
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Figure 3: Average computation time (in seconds) of Nelder-Mead, BFGS-f, and BFGS-g for
the 30 binary out-tree model instances. N+ 1 equals the number of states of each model, and
M + 1 equals the number of coefficient parameters for each covariate-dependent transition
in each model.
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A”). These experiments provide insight into whether or not parameters of Model 1, 2, or 3
are identifiable using the available disease prevalence data (assuming that the models are an
accurate representation of reality).

We first generate the ground-truth coefficients 5*. For each ij € A., we generate the in-
tercept coefficient 5;;; from the uniform distribution on [logit(P;;) — 1, logit(P;;) +1], where P
is the n x n matrix that contains the time-homogeneous estimates of the transition probabili-

ties derived from experts (see Table 5 in Appendix A), and logit(z) := In (%) for z € (0, 1).

(Note that the logit function is the inverse of the sigmoid function; see Table 2.) For each
k € 2,...,d;, we generate (3, from the uniform distribution on [—.5,.5]. This choice of

ground truth coefficients ensures that the ground truth transition probabilities (across all
times) are not far from the time-homogeneous transition probabilities determined from ex-
perts. Next, we use the ground-truth coefficients §B* to %enerate synthetic disease prevalence
data. We consider two scenarios: we compute ﬁgt = p(t (z1 3*) for each (i,t) € D, where
D is either given by

D = {(OD, 12t>}t6[12]7

or D is given by
D = {(OUD7 12t)}te[12] U {(OD, 12t)}t€[12]~

In the first scenario, we have one calibration target (overdose death prevalence), and in
the second scenario, we have two targets (overdose death prevalence and OUD prevalence).
We use BFGS-g to calibrate Model 1, 2, and 3 under both scenarios to understand how
incorporating more disease prevalence data impacts recovery performance; we would expect
that more targets would enhance recovery performance.

We apply BFGS-g with a number of different starting points. Because the objective of
(3) can be non-convex, it could be critical to choose a starting point that is closer to the
ground truth coefficients in order to recover the ground truth coefficients, described below. To
investigate this, we generate five different starting points 5(*), each with a different (expected)
distance from the ground-truth coefficients, reflecting varying levels of information that can
be obtained from expert opinion or literature. Specifically, for each ij € A, and k € [d;],

we draw 51»(;2 from the normal distribution with mean [, and standard deviation o. We
generate a starting point for each value of o € {0.01,0.05,0.1,0.5,1}. Starting points whose
entries are generated from a distribution with a smaller standard deviation o will tend to be
closer to the ground truth coefficients g*.

Each time the SciPy implementation of BFGS-g calls Algorithm 1 or 2, we record the
objective function value at the parameters at which the objective or gradient, respectively, is
evaluated. We report the distance to ground truth against the number of function/gradient
evaluations for each calibration that we run in Figure 4.

We make the following observations:

e BFGS-g is able to identify the ground truth parameters of Model 1 and 2 from just
overdose death prevalence data. However, BFGS-g is not able to identify the param-
eters of Model 3 from just overdose death prevalence data; recall that Model 3 is the
most complicated of the three models. Nonetheless, BFGS-g still moves the initial
estimates of the coefficients closer to the ground truth coefficients for all choices of
starting points.
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Figure 4: Ground truth recovery performance of BFGS-g applied to calibrating Model 1, 2,
and 3 using 1 target (overdose deaths) and 2 targets (overdose deaths and OUD prevalence)
for County A. Plots report distance to ground truth coefficients against the number of
function/gradient calls.

e The methods tend to converge to the ground truth parameters faster if the initial point
is closer. (The starting points are randomly generated, so this observation does not
always hold.) Per calibrating Model 3 with 1 target, if the starting point is closer,
BFGS-g tends to output parameters closer to the ground truth parameters. Accord-
ingly, in situations in which we do not have a lot of target data, constructing a good
initial starting point (e.g., informed by the literature or expert opinion) could be im-
portant. In all of the other plots, the starting point does not seem to affect recovery
accuracy.

e Aside from the Model 1 calibration results, BFGS-g uses less function calls if more
targets are available. Establishing whether or not this is typical behavior would require
running more experiments.

Calibration for 14 counties in the United States. Next, we use BFGS-g to calibrate
Model 1 and Model 3 for 14 U.S. counties to overdose death prevalence data. That is, we take
D = {(OD, 12t) };cp19. We choose a starting point B informed by experts. Specifically, for

each ij € A., we use the starting point with intercept coefficient ﬁg)l) := logit(P;;), and we set
5220,2 = 0for k =2,...,d;j, where recall P is the n xn matrix that contains time-homogeneous
estimates of the transition probabilities (see Table 5 in Appendix A). This choice of 3%
ensures that the transition probabilities at all time steps are equal to the time-homogeneous
estimates of the transition probabilities.

We report the computation time (in seconds) of BFGS-g in Table 3, we report predicted
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County Model 1 | Model 3

A 2.27 15.61

B 2.46 16.09

C 2.48 31.21

D 2.46 16.46

E 2.38 16.43

F 3.07 24.58

G 2.61 16.09

H 2.22 15.44

I 2.59 19.71

J 2.55 23.67

K 2.79 18.56

L 2.73 25.87

M 2.52 21.26

N 3.08 21.21
Average 2.57 20.16
Standard deviation 0.26 6.94

Table 3: Time in seconds used by BFGS-g to calibrate Models 1 and 3 for 14 example U.S.
counties.

overdose deaths under Model 1 versus actual overdose deaths in Figure 5, and we report
predicted overdose deaths under Model 3 versus actual overdose deaths in Figure 6. We
make the following observations:

e From Table 3, we see that our method on average requires 20.16 seconds to calibrate
Model 3. Thus, forecasting, it would require approximately (20.16 x 3142)/86400 =
0.7331 days (as there are 86400 seconds in a day) to calibrate Model 3 for all 3142
counties.

e From Figure 5, we see that predicted overdose deaths under Model 1 nicely fits actual
overdose deaths for some, but not all, counties. This is not too surprising in light of
the fact that Model 1 only has 1 covariate-dependent transition. Accordingly, it is of
interest to consider more complex models, such as Model 3, to improve fit to actual
overdose deaths.

e Figure 6 shows an improvement over Model 1 in terms of fit to actual overdose deaths.
However, recall from our previous experiment that we were not able to recover ground
truth coefficients of Model 3 with just overdose death prevalence data. Accordingly, it
would be worthwhile to explore calibrating Model 3 with both targets (i.e., overdose
death prevalence and OUD prevalence) to prevent overfitting.
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Figure 5: Comparison of predicted overdose deaths under Model 1 (calibrated with overdose
death prevalence data) and actual overdose deaths for 14 example counties in the U.S. Blue
lines correspond to actual deaths, while red lines correspond to predicted deaths.

25



County A County B County C

1000 -
750 -
500- -_—_______—__—___===,_‘==5¢/"’—N\\\ -—"—--——-—--__=,.__‘=///F-—‘\\~
250- 4__5,,/”'___—
O -
County D County E County F
1000 -
750 -
500- o
250~ et S
0 -
2 County G County H County |
® 1000-
g 750 -
& 500- = N
8 250- ﬁ__f
g 0
© County J County K County L

1000~
750~ __‘——'_________‘,=___‘,——’//

500- \g/‘\
250- o

0- Y J Y 7
County M County N 2007 2010 2013 2016

1000 -
750 -
500 -
250_ ___—_—ag——_—_J_

0-, : : g g : g g

2007 2010 2013 2016 2007 2010 2013 2016
Year

Figure 6: Comparison of predicted overdose deaths under Model 3 (calibrated with overdose
death prevalence data) and actual overdose deaths for 14 example counties in the U.S. Blue
lines correspond to actual deaths, while red lines correspond to predicted deaths.
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6 Discussion

Statistical models of individual-level disease progression play an important role in a number
of health studies. Typically, these studies use SBMs to calibrate the parameters of the mod-
els. SBMs provide studies with the freedom to construct complex models and to use diverse
sources of target data to calibrate the models. SBMs, however, can require large amounts of
computation time, due to the potential need to run many computationally expensive simu-
lations. In this work we restricted our attention to using disease prevalence target data to
calibrate a class of discrete-time Markov chain models that have covariate-dependent tran-
sition probabilities. We formulated the calibration problem as a (deterministic) non-convex
optimization problem and considered solving it with (deterministic) first order methods (in-
stead of stochastic zeroth order methods) that just require inexpensive (relatively speaking)
matrix-vector multiplications (instead of simulations). We investigated the empirical perfor-
mance of our zeroth and first order methods through computational experiments and applied
them in a case study on OUD. We demonstrated that both of these methods can be used to
calibrate models in a matter of seconds that would otherwise require hours (using SBMs).
We also observed that, in almost all of our experiments, BFGS was able to recover ground
truth parameters. This is an interesting observation in light of the fact that f is non-convex.

Our study has important implications for improved calibration of complex disease pro-
gression models. We demonstrated how our approach reduced computational barriers to
building more geographically accurate models of OUD at the county level, providing ac-
tionable data on the overdose epidemic and thereby enabling improved decision making at
the state and local level. More generally, this is an important methodological contribu-
tion enabling the continued development of such models to help better understand disease
progression, evaluate treatment options and other evidence-based interventions, and more
quickly identify opportunities for prevention and early intervention.

Future research directions include:

Related calibration problems. It is of interest to understand to what extent the ideas
considered herein can be extended to other model classes and other target data. For instance,
can we use these ideas to calibrate CTMC models with disease prevalence data? It is also
of interest to extend the methodology to account for other types of commonly used target
data, such as, for example, disease incidence target data.

Theoretical properties. Our study (in particular, Proposition 4.3) only touches the surface
in regards to establishing theoretical properties of (3) and first order methods for solving
(3). Tt is of interest to establish conditions on the covariate and prevalence data under which
(3) has a unique optimal solution. It is also of interest to establish conditions under which
certain first order methods converge to a globally optimal solution of (3).

Non-Markovian OUD models. As mentioned in Section 1.2, it is of interest to consider
Non-Markovian OUD models. Naively converting such model into a CD-DTMC model would
result in a model with a larger state space. This presents a challenge for existing simulation-
based calibration methods that scale poorly with the number of states in the model, but as
we have observed in Section 5, our model is quite fast and can potentially calibrate models
with significantly larger state spaces. Furthermore, we can also introduce constraints and
additional variables into optimization problem (3) to incorporate model history.
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OUD case study data

We present a more detailed description of the data that we use in the OUD case study, and
we discuss how we process it. We use three types of data: covariate, prevalence, and other
data. We summarize all of the data that we use in Table 4. We present time-homogeneous
estimates of the transition probabilities of the OUD model in Table 5 and estimates of the
initial distributions for the 14 counties in Table 6.
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Type

Data

Description

Source

Covariate

IMF Seizures

Estimate of the number of
times illicitly manufactured
Fentanyl was seized in each
U.S. state in each year dur-
ing 2007 to 2018

DEA’s National Forensic
Laboratory Information
System [1]

Covariate

Naloxone Pre-
scribing

Estimate of the number of
naloxone prescriptions dis-
pensed at retail pharmacies
in each U.S. county in each
year during 2007 to 2018

IQVIA Xponent [2]

Covariate

Buprenorphine
Prescribing

Estimate of the number of
office-based buprenorphine
prescriptions in each U.S.
county in each year during
2007 to 2018

IQVIA Xponent [2]

Covariate

Opioid
scribing

Pre-

Estimate of the number
of opioid prescriptions dis-
pensed at retail pharmacies
in each U.S. county in each
year during 2007 to 2018

IQVIA Xponent [2]

Prevalence

Overdose
deaths

Estimate of the number of
overdose deaths in each U.S.
county in each year during
2007 to 2018

National Vital Statistics

System [3]

Prevalence

Opioid
Disorder

Use

Estimate of the number of
individuals who had an opi-
oid use disorder in each U.S.
state in each year during
2007 to 2018

National Survey on Drug
Use and Health and [10]

Other

Fixed values

Time-homogeneous esti-
mates of the transition
probabilities; see Table 5

Experts

Other

Initial distri-

bution

Estimate of number of indi-
viduals in each U.S. county
who are in each state of the
OUD model at the begin-
ning of 2007; see Table 6

Experts

Other

Population

Estimate of number of indi-
viduals who live in each U.S.
county in each year during
2007 to 2018

U.S. Census Bureau [4]

Table 4: Summary of data used in the OUD case study.
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NU PU MU ouD T OD RD

NU | 0.9904 | 0.0078 | 0.0010 | 0.0008 | 0.0000 | 0.0000 | 0.0000
PU | 0.8150 | 0.1021 | 0.0500 | 0.0327 | 0.0000 | 0.0000 | 0.0002
MU | 0.0390 | 0.0000 | 0.9378 | 0.0230 | 0.0000 | 0.0000 | 0.0002
OUD | 0.0162 | 0.0000 | 0.0130 | 0.9597 | 0.0076 | 0.0007 | 0.0028

T 0.0090 | 0.0000 | 0.0000 | 0.0089 | 0.9819 | 0.0002 | 0.0000
OD | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 1.0000 | 0.0000
RD | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 1.0000

Table 5: Derived estimates of transition probabilities for the OUD model informed by ex-
perts. For instance the probability of transitioning from Nonuse (NU) To Prescription Use
(PU) is estimated to be .815. Other states are abbreviated as: Misuse (MU), Opioid Use
Disorder (OUD), receiving Medication for OUD Treatment (T), Overdose Death (OD), OUD-

Related Death (RD).

County

NU

PU

MU

OUD

T

o
w,

=
o

0.8873

0.0056

0.0379

0.0646 | 0.0046

0.8293

0.0082

0.0285

0.0207 | 0.1133

0.8946

0.0045

0.0311

0.0486 | 0.0212

0.8750

0.0093

0.0403

0.0653 | 0.0101

0.8899

0.0059

0.0365

0.0600 | 0.0077

0.8461

0.0116

0.0384

0.0490 | 0.0548

0.8668

0.0082

0.0370

0.0547 | 0.0333

0.8733

0.0075

0.0380

0.0572 | 0.0240

0.8981

0.0077

0.0346

0.0590 | 0.0005

0.8838

0.0087

0.0387

0.0644 | 0.0044

0.9174

0.0028

0.0282

0.0472 | 0.0045

0.8668

0.0078

0.0308

0.0415 | 0.0530

0.9006

0.0059

0.0339

0.0570 | 0.0026

ZIE 0| R = Qe E| O QW =

0.8975

0.0042

0.0302

0.0463 | 0.0218

(o] Hen) Hen) Nen] el Hev] Hev) Neo) Heo) Hovl Revl Hen) Ne) Nawl

[es] Ben) Hen) Hen) fen) fe) Hev) Hev) Heo] Hev] Hev] Hev) Hev) Nen)

Table 6: Derived estimates of the initial distribution for 14 counties informed by experts.
States are abbreviated as: Nonuse (NU), Prescription Use (PU), Misuse (MU), Opioid Use
Disorder (OUD), receiving medication for OUD Treatment (T), Overdose Death (OD), and

OUD-Related Death (RD).

Data preparation. Below we summarize how we prepare the data for a given county in the
computational experiments in Subsection 5.2. Let ¢ € [12], and let N® denote the estimate

of the number of individuals who live in the county in year 2006 + t.

e Covariate data. Let nal(t), trt®, and pre® denote the estimate of the amounts of
naloxone dispensed, buprenorphine prescribed, and opioids dispensed in the county
in year 2006 + t. Also, let fnt® denote the proportion of drug seizures with illicitly
manufactured fentanyl in the state that the county belongs to in year 2006 + ¢. First,
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for each ¢ € [12], we scale the covariate data to obtain the proportional covariate data:

—~@ nal®  —u  trt®
na :N(t)’ trt :W’ pre

0 _pre? =t
~Nwo M T N

—~ t — —~ — —_
Let us collect nal ), t € [12] into the vector nal € R'2. Define trt,pre,fnt € R!?
similarly. Next, for each ¢t € [12], we normalize the proportional-covariate data to
obtain normalized proportional covariate data:

—~ (t) —~

—~@® nal = — u(nal)

nal = — ,
o(nal)
—(t) t?t(t) — ,u(fﬁ;)
frt =
o(trt)
o _ pre — u(pre)
pre'’ = — ;
o(pre)
— It — ()
= — 2
o(fnt)

where the functions g and o applied to a vector of numbers return the mean and
standard deviation of the numbers, respectively. We are done preparing the covariate
data. Recall that all of OUD CD-DTMC models require monthly covariate data. We
simply use the same annual normalized proportional covariate data for each month in
a given year. For instance, in Model 1 in Subsection 5.2, we use the covariate data

defined by
¢ — ([t/12])
IE))UD,ODQ = fnt

for ¢ € [144].

Prevalence data. Recall that we use prevalence data {ﬁgé%}te[lg] U {ﬁ(olét)}te[m]. Let

t € [12], and let NgI)JD denote the estimate of the number of individuals in the state
that the county belongs to who had an opioid use disorder in year 2006 + t. We set

Let N(()t1)3 denote the estimate of the number of overdose deaths in the county in year
2006 + t. Recall that state OD is an absorbing state. Accordingly, we define the

prevalence estimates }5812;), t € [12] recursively by

N®

Pon’ =14 N 0
~(12(t—1 N,
pop T+ Rep £ 1.
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B Proofs for Section 2

Proof of Proposition 2.1. Let z € R. We show that |¢'(2)| < g(2) and |¢"(2)| < g(z). Clearly
the desired result holds for the exponential transition function.

Consider the logistic transition function. Because In(2’) > 1 — £ for all 2/ € R, we see
that

1 1 ,
o) =01+ exp(2) 2 1 o = L = )] (5)
Now observe that
PUD . ) . | ) B S S S—— 7 PR

(1+exp(—2))2  14exp(—2)1+exp(—z) =~ 14 exp(—2)

where the last inequality follows from (5).
Now consider the sigmoid transition function. From the above argument for the logistic
transition function, we see that |¢'(z)| < g(z). We also have that

1§"(2)] = 2exp(—2z)  exp(—2)
P 0 en(—2)P T (T ep(=2))?
| 2exp(=2z) exp(—2)
(L +exp(=2))* (14 exp(—2))?
| exp(—=2) 5 exp(—2) . 1
|1+ exp(—2) 1+ exp(—2) 1+ exp(—2)
1
< -
~ 14 exp(—2)
=9(2),
establishing the desired result. O

C Proofs for Section 3

Proof of Proposition 3.1. The proof proceeds by induction on ¢ € [T']. Observe that for any
JESs,
P @, ) = B (Y, 8) = )
= P(Xi(aW, ) =j | Xo = )P(Xo = i)

€S

=> iV 5"

€S
~ [P, B0,
= ejTP(x(l) , ﬁ)Tﬁ(O).

Suppose that for some ¢ € [T'— 1] it holds that

P (200, 8) = e[ P, )T - P(xV, 8) T, forall j € S. (6)
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We have that
P @Y, B) = P(Xp (e, B) = )
=Y P(Xipa (@Y, 8) = j | Xy(a™D, B) = ))P(Xy(z"), B) = i)

i€s

=3 py(a, ) (1, )
i€s

=D o, B)el P, BT P(aV, 5)TH
i€s

— Zpij($(t+l)7B)[P(-T(t)76)—r P>, B) T,
i€s

= [Pz 3)T ... p(x(1)75)T]5(0)]j

— eij(x(tH), MR p(x(l)’ ﬁ)Tﬁ(O)7

where the fourth equality follows from (6). Thus the desired result follows from induction. [

D Proofs for Section 4

Here we prove Proposition 4.3. Our strategy is to bound the absolute values of the second-
order partial derivatives of f from above. First, consider Lemma D.1, which presents upper
bounds on the absolute values of the first-order and second-order partial derivatives of the
transition probabilities.

Lemma D.1. Suppose that Assumption 2.2 holds. Let x,3 € R:. The following statements
hold.

1. Forij € A., wv € A, and k € [d],
‘ 0

— < |zial.
aﬁl]kpuv(xaﬁ)‘ = |x2]k|

2. Forij,pq € A., uwv € A, k € [di;], and r € [dy,),
T

a5 oo Puw .T,B ‘ SQ:U’L]C Lpgr|-
aﬁpqraﬁi_jk ( ) ‘ J H th|

Proof. First, we establish the first statement of the lemma. From Proposition 4.1, there are
two cases to consider:

Case 1. Suppose that v =17 and v = j. Then

93 (Bz—]rxw) ZEEN+(¢)\{]~} wie(, B)
2
<Z€€N+(i) wig(, 6))

Tijk

‘ 0

mpuv(xvﬁ)‘ =
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< wij(z, B) 2ren+ng) Wil B) o
B Zeer) wie(z, B) Zeer) wie(z, B) ’
<|zijil,
where the first inequality follows from |gj;(8xi;)| < |gi;(B2:;)| = |wi;(x, B)].
Case 2. Suppose that u =4 and v € NT(i) \ {j}. Then
0 (Bl wi(z,
‘aﬁfpw(:r,ﬁ)‘ _ | Zilsru)enlz, 5 STk
k (Zze]\ﬁ(i) wie(, 6))
wi;(, ) Wiy (2, B)
< |ijk]
Z€€N+(i) wie(z, B) Eeez\w(i) wie(z, B)
< [l
where the first inequality follows from |gj;(8xi;)| < |gi;(82:5)| = |wis(x, B)].

Now we establish the second statement of the lemma. From Proposition 4.1, if either u # 4
or u # p, then ﬁpuv(‘w, B) = 0, implying that the desired result holds. Accordingly,
pgr ]
suppose that u =i = p. Below we consider five cases.

Case 1. Suppose that v = j = ¢. From Proposition 4.1 together with the chain and quotient
rule for derivatives,

‘ 8ﬂpqraﬁijk

<

2
0 puv(xaﬁ)’

(Senanin wielBs)) (08 25) Sen- o wielw, ) — 20(3x17)?)

(Zzavw) wie(, 5))3

LijkLijr

Zeer)\{j} wie(, 5)‘ g;;( Z‘E%j) 2911']‘( J:vijf

ZEEN+(¢) wie(z, B) 5 | |kl e

2ren+ @ wie(@, B) (ZéeN+ (i) wip(, 5))

2?1)1']‘ (ZL’, ﬁ)Q
2
(Zzer) wie(, 5))

_|_

|Tijel| 0]

wij(z, B)
Zeer) wie(z, B)

< 2|wijp||ijrl,

where the first inequality follows from the triangle inequality, | gij(ﬁgxwﬂ < |w;;(z, B)|, and
1955 (Bijig)| < fwig(z, B)].

Case 2.

Suppose that v # j = ¢q. From Proposition 4.1 together with the chain and quotient

rule for derivatives,

aﬁpqr aﬁzgk‘ P

. f)
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winlw, 8) (204,85 25)* = 95 (Bis) Lens o wiele, B))
- 3 |ijnl| g0 |

<Z€€N+(i) wie(z, ﬂ))

1w\ 29; i 1'7, i xl

(ZZEN“'(i) wig(, 5)) (ZKGNW) wi(z, 5)) ZEEN+(¢) ww(% B)

2w;;(x, B)?
(Zeezw (i) wie(, 5))

< 2|wije||ijr |,

wij(z, B)
D ten+ (i) wie(z, B)

2 _'_

‘ |Tijie g

where the first inequality follows from the triangle inequality, |g};(8;;2i;)| < |wq;(x, )], and
|9i5(Bwi)] < Jwij(, B)].

Case 3. Suppose that v = j # ¢. From Proposition 4.1 together with the chain and quotient
rule for derivatives,

82
' aﬁpqraﬁijkpuv
<wz]( B) — Zze]\ﬂr( Nt wie( 6)) gz]( z]xlj)gzq(ﬁ;gxiq)

= 3 | il Tigr |
<Z€6N+(i) wie(, 5))
wi (2, B)wiy (@, B)wig(w, B)| wij (@, B)wiq(x, B) X pen+qn (i3 Wie(T: B)

(ZZeNﬂi) wie(, 5)) 3 (ZéeNJr(i) wig(, 5)) ’

< 2|x2]k‘||xzqr|

(fv,ﬁ)‘

|Zij||igr]

where the first inequality follows from the triangle inequality, |g/;(8;2:;)] < Jwq;(z, 8)], and
|91 (Bigiq)| < |wig(x, B)I-

Case 4. Suppose that v = ¢ # j. The desired result follows from an identical argument to
the one used in Case 3.

Case 5. Suppose that v # 5 # p. From Proposition 4.1 together with the chain rule for
derivatives,

_82 2wy ij \Mig ) Jig i—giq

85 8ﬁ pufu(x,ﬁ)‘: Wi ( 6>g]< ]Ij)g (ﬁ?)x ) |$ij]€||ZL’Z'qT|
pqrOPijk (deNJr(i) wig(x,5)>

2wiy (2, B)wi;(, Blwig(x, B)

<286N+(i) wig(, 5)) ’

< 20w |Tigr|-

< |$ijk||$iqr|
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where the first inequality follows from |g;(8;2:;)| < |wij(z, B)| and |gi, (B 2iqg)| < |wig(z, B)].
[l

We are now prepared to prove Proposition 4.3.

Proof of Proposition 4.3. Let 3 € R%. Also let ij,pg € A., uv € A, k € [d;], and r € [d,,].
From Proposition 4.2 and the product rule for derivatives,

82
8ﬁpqraﬁijkf<5)
0 0?
=2 ps Ut) ﬁ)—pgt)(x(lt)76)+(pgt)( (Lt)aﬁ) _ﬁ(t))—pg)( ut)aﬁ)‘
(stz;D ﬁpqr aﬂz]k aﬁpqréﬁmk
(7)
Let (s,t) € D. We claim that it is sufficient to show:
0000, 8)| < tnla)) 0
aﬂwk s ijk
O 00 2,2
_— <2
‘aﬁpqraﬂzjkps ( 5)‘ t'n |$7,jk||'rpq7’| (9)

To see this, observe that if (8) and (9) hold, then from (7) and the triangle inequality,
o

< 2 t2 2 1t)’ /\(t 2t2 2
aﬂpqraﬁzjk ‘ Z |xz]kapqr’ + |p ( B) ‘ ’xl]kapqr|

(s,t)eD

S 67’L Z t2|x1]k||x;(7€1)r|
(s,t)eD

<6n® Y 2l [l ],

te[T]

where the second inequality follows from |pgt) (z() B) — ﬁgt)| < 1. Let H(f) denote the
d x d hessian matrix of f evaluated at 3 € R?. Observe that

mG&ﬁﬁ\:lfBTHf CE< Z Z Z Z ’ /B’ij/quT B)'

1j€Ac k€[nij] PGEAc r€npq)

=D DED DD DD W i oAl

ij€Ac k€[ni;] Pa€Ac T€[Nnpq] tE[T]

=6n' > 3 D0 > D kel

te[T] ij€Ac k€[nij] Pa€EAc r€[npg]

= 6n* 3 2R,

te[T]

and hence f is (6n° >,y t2)|z®|?)-smooth.
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First, we establish (8). From Proposition 4.2, we have that 5 pgt) (21D 8y =370_ 0
where

0
boi= TP, )T P, 0y [LPELI pyien gyt pie) gy

for each ¢ € [t], so it is sufficient to show that |0,] < n|xwk| It follows that for each
¢ € [t], there are n x n stochastic matrices Ql , Q2 (i.e., matrices whose columns are
probability vectors) and an n x n matrix REZ) such that 0, = eZng)Rge)Qg)ﬁ(o). By Remark
4.1 and Lemma D.1, the absolute value of each entry in the i-th column of Rgf) is bounded
above by \xSLL and the entries in all other columns are equal to 0. Because Qg%@ is a
probability vector, the absolute value of each entry of R§‘ Q(g) 5) is bounded above by |£L‘Z; 2l
Hence the absolute value of each entry of Qge) R@Qéﬁ) is bounded above by n|:17 |, so
0 = 1] @1V RQY 0| < nlaify|.

Next, we establish (9). It follows from Proposition 3.1 and 4.2 together with the product
rule for derivatives and induction that

AR

62
(t) (1t
ps (bévsa (10)
8/81)(]7’852]]{: Z;t]
where for ¢ < v,
¢€vs
oP(a),8) T oP@",p) "
T pa.s7 | 22228 LT pat.s)T | 2222 T Pt g)7 | ),
8/8qu 852]14
u€elt]: u€l(t]: u€lt]
US>V l<u<v u<l
for £ = v,
5 !
Drvs 1= e H p {—P($(£),ﬁ)] H P(x(“),B)T ]5(0)7
welt]: aﬂpqraﬁijk uelt]
u>v u<l
and for ¢ > v,
@bévs
oP@,8) " oP@E®, )"
HP W g7 H P g7 | —— 2 Hp T pO,
u€lt]: 8ﬁpqr u€lt]: 8ﬁzgk u€lt]:
u>l v<u<l u<v

It is sufficient to show that |¢g,s| < n2|x§§),€||m§,2r| We consider two cases:

Case 1 Suppose that £ < v or £ > v. Then from above there are n X n stochastic matri-
ces Q 2 , gé) and n X n matrices Rge),RéZ) such that ¢gp,s = e gZ)R?)Qg)Rg)Qg“ﬁ(m
Inequahty (9) then follows from a similar argument to the one used above to establish (8).

39



Case 2. Suppose that £ = v. Then from above there are n x n stochastic matrices Qﬁ‘),

(0)
2

and an n X n matrix R&f) such that ¢y, = esz)Rg)Qy)ﬁ(o). Inequality (9) then follows from
a similar argument to the one used above to establish (8).

E Additional figures for Section 5
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Figure 7: Average number of function/gradient evaluations of Nelder-Mead, BFGS-f, and
BFGS-g for the 30 binary out-tree model instances.
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