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Abstract

We study an online facility location problem in which the demand points arrive at discrete

times. There is a fixed cost for locating a facility, and there is a variable cost at each time for

serving points that have arrived up to that time. The considered variable cost reflects recur-

ring maximum demand and is defined as the maximum distance between the points and their

nearest facilities. The existing online location/clustering studies on one-time demand (i.e., each

point is served only at the time it arrives) demonstrate that constant-factor competitive guaran-

tees are not attainable unless facilities/centers can be relocated/updated (or other simplifying

assumptions hold). While centers can often be updated in clustering applications, facilities typ-

ically cannot be relocated in many practically relevant settings. In this work we introduce and

study the Cumulative Variable Cost Thresholding (CCT) algorithm. CCT irrevocably locates

facilities at points that are farthest from an existing facility when the cumulative variable cost

exceeds a specified threshold. As our main contribution, we show that CCT is constant-factor

competitive for online facility location with recurring maximum demand. We also establish the

offline foundations that underpin the proposed approach. Finally, we investigate the empirical

approximation performance of CCT with synthetic and real-world instances.

Keywords. online facility location, recurring demand, competitive analysis, approximation

algorithms

1 Introduction

1.1 Motivation

Facility location is a fundamental problem in operations research and computer science. While

classically studied in various offline settings, many real-life facility location problems are inherently

online. For instance, businesses often start with a single facility (e.g, a retail store, restaurant, etc.)
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and decide when to locate new facilities based on customer demand. There is a growing body of

work within the computer science literature on online facility location problems in which demand

points arrive over time; see the surveys [22, 37]. The primary focus of this body of work is on

competitive analysis [3, 17], that is, analyzing algorithm performance in terms of worst-case ap-

proximation ratios. Competitive analysis plays a fundamental role in a number of online operations

research problems; see, for example, [5, 6, 16, 29, 36].

Most of the existing online facility location work builds upon the seminal study of Meyerson [38].

Meyerson considers a setup in which demand points arrive one-by-one at discrete times. At each

time, one must decide whether to open a facility at the demand point that arrives at that time (at

a fixed cost) or to use an existing facility to serve the newly arrived demand point (at the cost of

the distance between the demand point and one of its nearest facilities). The demand is one-time

in the sense that each demand point only needs to be serviced at its arrival time. The goal is to

minimize the sum of the fixed and service costs; accordingly, the problem can be interpreted as an

online version of the uncapacitated facility location problem (UFLP), also known as the fixed cost

median problem [27]. Meyerson shows that, in general, it is not possible to construct a constant-

factor competitive algorithm for online facility location with one-time demand. Meyerson also

develops an algorithm that has a competitive ratio that is logarithmic in the number of times (or,

equivalently, demand points). Interestingly, Meyerson shows that the algorithm is constant-factor

competitive under the assumption that the demand points arrive in random order.

The story is similar for the closely related class of online clustering problems. In contrast to

facility location work, clustering studies consider budgeted (as opposed to fixed cost) problems,

where there is an upper bound k on the number of centers (the clustering analog of facilities) that

can be specified. There are a number of different types of online clustering problems studied in

the literature [10, 18, 19, 26, 32, 34]. For all of these problems, it is not hard to demonstrate that

an algorithm that irrevocably locate centers cannot be competitive (at all); see, for example, [34].

Accordingly, online clustering studies consider algorithms that can update centers. In contrast to

the outlined clustering context, however, facilities cannot be relocated in many practical, real-world

situations. That said, relocating facilities enables algorithms to be constant-factor competitive for

various online facility location problems [12].

In this work, we break away from Meyerson’s one-time demand model and closely related online

clustering models. We study a recurring demand model in which the demand points need to be

serviced at all times after they arrive, not only the time that they arrive. Recurring demand arises
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in a variety of important application settings. Consider, for instance, distribution centers that

serve their clients (e.g., wholesalers, retail stores) on a regular basis. Additionally, retail stores

(e.g., department stores, grocery stores) often serve the same pool of customers over time. Other

closely related examples include public transportation hubs, utility service and waste management

facilities, and so on.

In the recurring demand model that we study, there is a fixed cost for locating a facility, and

there is a variable cost at each time for serving points that have arrived up to that time. The vari-

able costs captures the recurring demand. We define the variable cost to be the maximum distance

between the points and their nearest facilities. Accordingly, the variable cost captures recurring

maximum demand. By minimizing the variable cost we obtain a minimax problem, which simply

ensures that the worst-case service cost stays low, unlike a minisum problem, which minimizes the

total demand across all points. We refer to the outlined problem as online facility location with

recurring maximum demand.

It is important to note that in the one-time demand model, the underlying primary concern is

that, after locating a facility at a certain point, few or no future demand points are likely to arrive

nearby. In the recurring demand model, this issue is less of a concern since all demand points need to

be continuously served over time. Thus, this discussion naturally brings us to the following question:

Can we develop an algorithm that irrevocably locates facilities and is constant-factor competitive

for online facility location with recurring maximum demand?

As our main contribution, we provide a positive answer to this question. Next, in Subsection 1.2,

we describe the contributions of our work as a whole.

1.2 Summary of contributions and outline of the paper

Online facility location with recurring maximum demand. We first present a detailed

description of the online facility location with recurring maximum demand model in Subsection 2.1.

With the description in hand, we then present a precise comparison of our problem with the online

facility location problem of Meyerson [38]; see Remark 2.1.

Then, in Subsection 2.2 we formally introduce our definition of the competitive ratio and the cor-

responding offline problems. Specifically, we consider a fully offline problem in which the facilities

are all built before any demand point arrives and where we have full knowledge of the sequence in

which points arrive in the future. We define the competitive ratio in terms of the optimal objective

function value of the fully offline problem. We also consider a semi-offline problem, where facilities
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are constructed with complete knowledge of the future sequence of the demand point arrivals, but

a facility can be built at a point only after that point has arrived. The setup of the semi-offline

problem prevents the unrealistic phenomena of facilities being built in locations that are currently

not near any points. To the best of our knowledge, the existing online facility location studies do

not account for this consideration.

Finally, in Subsection 2.3, we present some additional background on offline facility location

and clustering problems. We also further position our study within the existing literature.

Offline foundations. The aforementioned offline and semi-offline problems are novel variations

of existing facility location models, and to the best of our knowledge, have yet to be explored in

the related literature. Accordingly, we first establish offline foundations in Section 3.

Specifically, we show that both considered offline problems are NP -hard; see Subsection 3.1.

Next, in Subsection 3.2 we provide mixed-integer linear programming (MILP) formulations of the

problems. Finally, in Subsection 3.3, we show that the optimal value of the semi-offline problem

is within a constant multiplicative factor of the optimal objective function value of the fully offline

problem. We also show that the factor is asymptotically tight. Hence, while the fully offline problem

can produce unrealistic solutions, the corresponding optimal objective function values are not that

different (in a multiplicative sense). Consequently, we are not being overly conservative by defining

the competitive ration in terms of the optimal fully offline objective value. We investigate this con-

sideration from an empirical standpoint through the computational experiments in Section 5 as well.

Cumulative variable cost thresholding (CCT) algorithm. In Section 4, we propose and

study an approximation algorithm that we call Cumulative Variable Cost Thresholding (CCT).

The algorithm (irrevocably) locates a facility at a point that is farthest from an existing facility

whenever its count of the cumulative variable cost incurred grows larger than a threshold, which

we take to be the fixed cost. After constructing a center, CCT resets its count of the cumulative

variable cost. Importantly, CCT is an intuitive algorithm that is reasonable for real-world online

facility location applications: whenever the cost of serving demand points grows larger than the

fixed cost of constructing a new facility, CCT builds a new facility.

As our main contribution, we show that CCT is 8-competitive. The result stands in contrast

with the competitive analysis for the online facility location problems with one-time demand; recall

that it is not possible to develop a constant-factor competitive algorithm in the context of one-time

demand. Our result also implies that a constant-factor competitive ratio can be obtained by an

intuitive rule that is simple enough to be used in practice. Finally, we also establish a lower bound
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on the competitive ratio of CCT.

Computational study. In Section 5, we explore the empirical performance of CCT using synthetic

and real-world demand points; see Subsections 5.1 and 5.2, respectively. In the latter case, by con-

sidering DHL facility locations in the northeastern United States, we also examine the impact of the

arrival order of the demand points on the performance of the proposed online and offline methods.

2 Preliminaries

We present a description of online facility location with recurring maximum demand in Subsec-

tion 2.1. Next, in Subsection 2.2, we introduce the corresponding fully offline and the semi-offline

problems as well as our definition of the competitive ratio. Finally, we position the proposed

problem setting within the related literature in Subsection 2.3.

2.1 Online facility location with recurring maximum demand

Let X be a set and d : X ×X → R≥0 be a metric on X. A demand point xt ∈ X arrives at each

time t = 1, 2, . . .. Immediately after point xt arrives, we decide whether or not to locate a facility

at any (possibly multiple) of the points xi, i ∈ [t] := {1, . . . , t} that have already arrived (and that

do not already have facilities). We assume that the facilities cannot be relocated.

The fixed cost of constructing a facility is denoted by Γ ∈ R≥0. Assume that there is a given

facility already built at x0 ∈ X at time t = 0 at no fixed cost. Let F0 := {0}, and define Ft ⊆ {0}∪[t]

to be the indices of the points that we select to locate facilities at up to and including time t ≥ 1.

It follows that 0 ∈ Ft for all times t ≥ 0. We refer to Ft as a facility index set.

At each time t ≥ 1, we model the variable cost for serving the points that have arrived up to

time t as the maximum distance between any of these points and one of its nearest facilities that

has been built. In other words our goal is to capture the worst case demand. Formally:

vt(Ft) := max
i∈[t]

min
j∈Ft

d(xi, xj),

where d(xi, xj) is the distance between xi and xj under the metric d. Note that our definition

of the variable cost assumes that a point is served by one of its nearest facilities at every time.

Accordingly, a point may be served by different facilities over the time horizon. Thus, the total cost

incurred up to and including time T ≥ 1 is given by:

cT (F1, . . . , FT ) := Γ(|FT | − 1) +
T∑
t=1

vt(Ft),
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where the first and the second terms represent the total cost of constructing facilities and the total

variable cost, respectively. Recall also that 0 ∈ FT ; hence, we have Γ(|FT | − 1) instead of Γ|FT |.

Remark 2.1. In the online facility location problem of Meyerson [38], the variable cost at time t

is given by vt(Ft) = minj∈Ft d(xt, xj). ■

2.2 Offline problems and competitive ratio

Fully offline problem. In the fully offline setting, all facilities can be constructed at time t = 0

and the corresponding optimization problem is given by

min
0∈F⊆{0}∪[T ]

Γ(|F | − 1) +
T∑
t=1

vt(F ), (1)

where the assumption is that, when solving (1), we have full knowledge of the arrival sequence of

the demand points in the future.

Remark 2.2. It is important to point out that, while all facilities are constructed at time t = 0

in the fully offline problem, the corresponding optimal solution of (1) still depends on the order in

which the points arrive, ultimately due to the recurring demand. ■

Competitive ratio. Let OPT denote the optimal fully offline objective function value of prob-

lem (1). For α ≥ 1, we say that an algorithm is α-competitive for online facility location with

recurring maximum demand if the algorithm constructs facility index sets (F1, . . . , FT ) such that

cT (F1, . . . , FT ) ≤ α ·OPT.

That is, the total cost incurred up to and including time T is no larger than a factor of α times

the optimal fully offline cost up to and including time T . Finally, the competitive ratio of an

α-competitive algorithm is simply the value of α.

Semi-offline problem. One could argue that the the fully offline problem is overly conservative by

assuming that facilities can be constructed at points before they are realized in the arrival sequence.

Accordingly, we also consider a semi-offline problem, where all facilities are still constructed with

full knowledge of the arrival sequence of the demand points, but a facility can only be located at a

point only after the point arrives. Formally, the semi-offline problem is given by:

min
F1,...,FT

cT (F1, . . . , FT )

s.t. Ft ⊆ Ft+1 ∀t ∈ [T − 1]

0 ∈ Ft ⊆ {0} ∪ [t] ∀t ∈ [T ].

(2)
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To the best our knowledge, both problems (1) and (2) are novel variants of the facility location

problem and have not yet been studied in the existing literature. Moreover, as far as we are

aware, analogous notions of semi-offline problems have also not been explored in the context of

other online facility location and clustering problems. Hence, in Subsection 3.1, we first explore

the theoretical computational complexity of (1) and (2). Afterwards, in Subsection 3.2 we describe

MILP reformulations for both of these problems.

Finally, let OPTsemi denote the optimal objective function value of the semi-offline problem (2).

Clearly, it holds that OPT ≤ OPTsemi. In Subsection 3.3 we show that OPTsemi is bounded above

by a constant multiplicative factor of OPT. Consequently, we are – at least in some sense – not being

overly conservative by using OPT instead of OPTsemi in our definition of a competitive algorithm.

2.3 Offline background and related online work

We first briefly overview some background on offline facility location and clustering. Then, we

discuss the most closely related work on the corresponding online versions of these problem classes.

Offline background. We direct the reader to [9, 15] for a broad overview of the facility location

literature, which is extensive. Hence, our focus below is only on the most relevant offline work.

Recall from Subsection 1.1 that Meyerson’s problem [38] can be thought of as an online version of

the uncapacitated facility location problem (UFLP) [27, 41]. In our notation, UFLP is given by

min
0∈F⊆{0}∪[T ]

Γ(|F | − 1) +
T∑
t=1

min
j∈F

d(xi, xj).

There is a substantial body of research for this class of problems. There are several MILP

formulations and decomposition-based solution schemes along with the corresponding polyhedral

analyses; see, for example, [13, 14, 42]. There is also a long line of work on approximation algo-

rithms. Without any assumption on the distances d (e.g., without assuming that d is a metric),

UFLP admits only log(T )-approximation algorithms based on a set-cover reformulation as well as

the rounding and filtering techniques [27, 35]. In contrast, there are constant-factor approximation

algorithms for the metric UFLP [7, 11, 30, 33, 40]. Guha & Kuller [25] show that there is no α-

approximation scheme with α < 1.463 for the metric UFLP unless NP ⊆ DTIME(nlog log(n)). Li

[33] gives the approximation algorithm with the best known (to date) approximation factor of 1.488.

A closely related clustering problem is the k-median problem given by:

min
F⊆[T ]: |F |≤k

T∑
t=1

min
j∈F

d(xi, xj),
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which clearly can be interpreted as a budgeted version of UFLP. Naturally, there are also a number

of constant-factor approximation algorithms for the k-median problem [8, 30, 35].

The k-center problem is another well-studied clustering problem, where the goal is to minimize

the maximum distance from any point to its closest center. Formally, in our notation, it is given by:

min
F⊆[T ]: |F |≤k

max
i∈[T ]

min
j∈F

d(xi, xj),

and one can observe that the max-min objective function of the k-center problem takes the same

form as the variable costs vt(FT ), t ∈ [T ], in the online facility location problem of interest. There

are also a number of constant-factor approximation algorithms for this clustering problem; see, e.g.,

[23, 24, 28, 39]. In particular, the classical greedy algorithm of Gonzalez [24] successively locates new

facilities at the points that are farthest from the already placed facilities. Thus, our CCT algorithm

can be seen as an online adaptation of this algorithm. Finally, the approach similar in spirit to

Gonzalez’s algorithm is also exploited in a recent work [31] for the adaptive optimization setting.

Related online work. The surveys in [22, 37] provide an overview of the results on online facility

location. The related studies mostly build upon Meyerson’s work, who developed a randomized

O(log(T ))-competitive algorithm for the one-time demand model. Fotakis [21] later showed that the

algorithm is actually O(log(T )/ log(log(T )))-competitive. There also exist deterministic O(log(T ))-

competitive algorithms [4, 20]. In comparison, CCT proposed in this study is a deterministic

constant-factor competitive algorithm for online facility location with recurring maximum demand.

With respect to online clustering problems, there is prior work on online k-median [18, 19,

26], online k-center [10] and online k-means [32, 34] clustering problems. Recall that clustering

algorithms update centers (that is, facilities), as competitive guarantees are otherwise unattainable.

Of course, it is not reasonable to assume that the offline problem can be resolved at every time.

The earlier online clustering studies [10, 19] on incremental clustering assume that clusters can

be merged, ensuring that clusters are, in some sense, preserved. Finally, more recent studies

[18, 26, 32, 34] on consistent clustering do not require merging, but rather aim to minimize the

number of center updates (called recourse) required to maintain a constant-factor competitive ratio.

3 Offline foundations

First, we demonstrate that both the fully offline and semi-offline problems are NP -hard in Subsec-

tion 3.1. Then, in Subsection 3.2, we present the corresponding MILP formulations, which are later

used in our numerical experiments. Finally, in Subsection 3.3, we show that the optimal objective
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function value for the semi-offline problem is bounded above by a constant multiplicative factor of

the optimal objective function value for the fully offline problem.

3.1 Computational complexity

Fully offline problem. Define the budgeted fully offline (BFO) optimization problem as follows:

min
F

{
T∑
t=1

vt(F ) : |F | ≤ k + 1 and 0 ∈ F ⊆ {0} ∪ [T ]

}
,

where the budget parameter k specifies the upper bound on the maximum number of facilities.

From a standard binary search argument, to establish hardness of the fully offline optimization

problem (1), it is sufficient to show that a decision version of the BFO problem isNP -complete. Let

FBFO := {F ∈ {0} ∪ [T ] : |F | ≤ k + 1 and 0 ∈ F ⊆ {0} ∪ [T ]}

denote the feasible region of the BFO optimization problem. Accordingly, we define:

BFO decision problem

• Instance. Points x0, x1, . . . , xT ∈ X, metric d : X × X → R≥0, budget parameter k ∈ Z>0,

and target objective value α ∈ Z>0.

• Question. Is there a solution F ∈ FBFO such that
∑T

t=1 vt(F ) ≤ α?

Our proof of hardness (i.e., of Proposition 3.1 below) is based on a reduction from the dominating

set problem. Recall that a dominating set in a graph G = (V,E) is a subset of vertices V ′ ⊆ V such

that every vertex not in V ′ is adjacent to a vertex in V ′. The goal in the dominating set problem

is to determine whether a given graph contains a dominating set of a given size.

Proposition 3.1. The BFO decision problem is NP -complete.

Proof. See Appendix A.1.

Semi-offline problem. Our proof of hardness for the semi-offline problem proceeds in as similar

spirit to the argument provided above for the fully offline problem. We show that (a decision version

of) the budgeted semi-offline (BSO) optimization problem

min
F1,...,FT

T∑
t=1

vt(F1, . . . , Ft)

s.t. Ft ⊆ Ft+1 t ∈ [T − 1]

|FT | ≤ k + 1

0 ∈ Ft ⊆ {0} ∪ [t] t ∈ [T ]
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is NP -hard. Let FBSO denote the feasible region of the BSO optimization problem. Then, define:

BSO decision problem

• Instance. Points x0, x1, . . . , xT ∈ X, metric d : X × X → R≥0, budget parameter k ∈ Z>0,

and target objective value α ∈ Z>0.

• Question. Is there a solution (F1, . . . , FT ) ∈ FBSO such that
∑T

t=1 vt(F1, . . . , Ft) ≤ α?

The proof of hardness for the BSO problem is also based upon the dominating set problem.

Proposition 3.2. The BSO decision problem is NP -complete.

Proof. See Appendix A.2.

3.2 MILP formulations

Fully offline problem. The decision variables of our MILP formulation for the fully offline

problem are as follows. For each i ∈ [T ], we introduce a binary variable yi ∈ {0, 1} that indicates

whether or not we locate a facility at point xi. Also, for each (i, j) ∈ [T ]× ({0}∪ [T ]), we introduce

a binary variable zij ∈ {0, 1} that indicates whether or not point xi is “assigned” to a facility at

point xj (i.e., if a facility at xj is a nearest facility to point xi, where ties are broken arbitrarily).

Then, the MILP model of the fully offline problem is as follows:

min
y,z,ζ

Γ
T∑

j=1

yj +
T∑
t=1

ζt

s.t. ζt ≥
T∑

j=0

d(xi, xj)zij ∀t ∈ [T ], ∀i ∈ [t] (3a)

zij ≤ yj ∀(i, j) ∈ [T ]× [T ] (3b)

T∑
j=0

zij = 1 ∀i ∈ [T ] (3c)

y ∈ {0, 1}T , z ∈ {0, 1}T×(T+1), ζ ∈ RT
+,

where (3a) ensures that ζt is at least the maximum distance between a point that arrives up to and

including time t and its nearest facility. Constraints (3b) guarantee that a facility can be assigned

points only if it is constructed, while (3c) enforces that each point must be assigned to one facility.

Semi-offline problem. In the corresponding MILP, for each t ∈ [T ] and j ∈ [t], we introduce a

binary decision variable ytj ∈ {0, 1} such that ytj = 1 if we locate a facility at point xj by time t,
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and ytj = 0 otherwise. Also, for each t ∈ [T ], we introduce a continuous variable ζt ∈ R that models

the variable cost vt(Ft). Finally, we introduce a binary variable ztij ∈ {0, 1} for each t ∈ [T ], i ∈ [t],

and j ∈ {0} ∪ [t] that indicates whether or not point xi is “assigned” to a facility at xj at time

t (i.e., if a facility at xj is a nearest facility to point xi at time t, where ties are broken arbitrarily).

Then, the MILP reformulation of the semi-offline problem is given by:

min
ζ,y,z

Γ

T∑
j=1

yTj +
T∑
t=1

ζt

s.t. ζt ≥
t∑

j=0

d(xi, xj) · ztij ∀t ∈ [T ], ∀i ∈ [t] (4a)

t∑
j=0

ztij = 1 ∀t ∈ [T ], ∀i ∈ [t] (4b)

ztij ≤ ytj ∀t ∈ [T ], ∀i ∈ [t], ∀j ∈ [t] (4c)

ytj ≤ yt+1
j ∀t ∈ [T − 1], ∀j ∈ [t] (4d)

ζt ∈ R+, yt ∈ {0, 1}t , zt ∈ {0, 1}t×(t+1) ∀t ∈ [T ],

where constraints (4a) are incorporated to capture the variable costs in the objective. Constraints

(4b) ensure that a point that has arrived thus far is assigned to a facility, while constraints (4c)

ensure that a point can only be assigned to a facility that has actually been constructed. Finally,

constraints (4d) enforce that a facility remains constructed once it is constructed.

3.3 Optimal objective function values comparison

Recall from Subsection 2.2 that OPT and OPTsemi denote the optimal fully offline and optimal semi-

offline objective function values, respectively. Also, recall that OPT ≤ OPTsemi. Next, we address

the following question: How much larger (in a multiplicative sense) can OPTsemi be than OPT?

Our proof of the result below follows from constructing a feasible solution to the semi-offline

problem from an optimal solution to the fully offline problem. Specifically, the feasible solution to

the semi-offline problem locates a facility at the first point to arrive in each cluster induced by the

optimal fully offline solution. The factor of 2 then follows from the triangle inequality. Formally:

Proposition 3.3. OPTsemi ≤ 2OPT.

Proof. See Appendix A.3.

Is the factor of 2 in Proposition 3.3 tight? Next, we show that it is asymptotically tight, i.e., it

is tight up to a term that vanishes as T →∞; see Proposition 3.4 below. We present an illustration
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of the instance presented in the proof of the proposition for T = 4 in Figure 1. Taking the fixed cost

to be Γ = 2, the optimal fully offline solution locates a facility at the point x4, which arrives last.

Hence, OPT = 2+T . A semi-offline solution can only locate a facility at a point after it arrives, so

the optimal semi-offline solution locates no facilities. Accordingly, OPTsemi = 2T . Thus, the key

idea is to require that the demand point, at which the optimal offline facility is located, to arrive last.

On a related note, we explore the empirical impact of the arrival order of demand points in Section 5.

Proposition 3.4. For each integer T ≥ 2, there is an instance of online facility with recurring

maximum demand such that OPTsemi =
(
2− 4

T+2

)
OPT.

Proof. See Appendix A.4.

x2

x4 = (0, 0)
x1

x1 = (−1, 0)
x3

x3 = (1, 0)

x0

x0 = (0,−1)

x2

x2 = (0, 1)

Figure 1: Illustration of the instance presented in the proof of Proposition 3.4 for T = 4. The
metric for the instance is the taxicab metric, i.e., d(x, y) =

∑n
i=1|xi − yi| for x, y ∈ Rn.

4 Cumulative variable cost thresholding (CCT) algorithm

We present a detailed description of the Cumulative Variable Cost Thresholding (CCT) algorithm

in Algorithm 1. Specifically, Step 1 initializes the cumulative variable cost counter cumVarCost.

Step 3 verifies whether the cumulative variable cost counter is at least the fixed cost Γ. If it is, then

the index of the point that is farthest from one of its nearest facilities is selected in Step 4. The

index is then added to the facility index set in Step 5, and the cumulative variable cost counter is

reset in Step 6. If the cumulative variable cost counter does not exceed Γ, then the facility index

set and cumulative variable cost counter are updated in Steps 8 and 9, respectively. Finally, the

facility index sets constructed by CCT are returned in Step 12.

Computational complexity. Step 4 is the most computationally intensive step of each iteration.

At the t-th iteration, the step requires O(t2) evaluations of the distance metric. If the distances

from previous iterations are stored in memory, then the step only requires O(t) evaluations.
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Algorithm 1 Cumulative Variable Cost Thresholding (CCT)

Input: Points xt ∈ Rn, t ∈ {0} ∪ [T ], metric d : Rn × Rn → R≥0, and fixed cost Γ

1: cumVarCost← 0
2: for t = 1, . . . , T do
3: if cumVarCost + vt(Ft−1) ≥ Γ then
4: ℓ← ℓ′ ∈ argmaxi∈[t]minj∈Ft−1 d(xi, xj)
5: Ft ← Ft−1 ∪ {ℓ}
6: cumVarCost← 0
7: else
8: Ft ← Ft−1

9: cumVarCost← cumVarCost + vt(Ft)
10: end if
11: end for
12: Return (F1, . . . , FT )

Competitive ratio guarantee. We establish that CCT is 8-competitive; see Theorem 4.1 below.

Accordingly, online facility location with recurring maximum demand is constant-factor approx-

imable in contrast to the well-studied one-time demand setup.

Theorem 4.1. CCT (Algorithm 1) is 8-competitive for online facility location with recurring max-

imum demand.

Proof. See Subsection 4.2.

However, it should be pointed out that it is not clear whether our analysis of CCT is tight. We

establish an asymptotic lower bound of 4 for on the competitive ratio of CCT; see Proposition 4.1

below. The competitive ratio of α tends to 4 as T →∞ and ϵ→ 0. We leave it as an open problem

to close the gap between 4 and 8; see Section 6 for further discussion.

Proposition 4.1. For each integer T ≥ 3 and 0 < ϵ < Γ, there exists an instance of online facility

location with recurring maximum demand per which CCT provides an α-approximation for

α :=
(2Γ− ϵ)T − 2Γ

(Γ/2)T + Γ− ϵ
.

Proof. See Subsection 4.3.

The remainder of this section is dedicated to the competitive analysis of CCT. We establish

preliminaries in Subsection 4.1, provide a proof of the main result, Theorem 4.1, in Subsection 4.2,

and, finally, present a proof of Proposition 4.1 in Subsection 4.3.
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4.1 Preliminaries

CCT output and optimal offline solution. Let (F1, . . . , FT ) denote the output of CCT (i.e.,

Algorithm 1), and let F ∗ ⊆ {0}∪[T ] denote an optimal solution to the fully offline problem (1). Sup-

pose that CCT locates k facilities up to and including time T , i.e., |FT | = k+1 (recall that 0 ∈ FT ).

Without loss of generality, we assume that CCT locates at least one facility, i.e., k ≥ 1. Indeed,

in the event that CCT does not locate any facilities, there is a (unique) optimal offline solution

that does not locate any facilities (as the fixed cost of locating a facility exceeds the variable costs

incurred otherwise); hence, CCT is 1-competitive in this case. Let k∗ := |F ∗|−1 denote the number

of facilities that are constructed under the optimal offline solution F ∗. Define

C∗
j :=

{
i ∈ {0} ∪ [T ] : j ∈ argmin

ℓ∈F ∗
d(xi, xℓ)

}
, j ∈ F ∗ (5)

to be the subsets (referred further as clusters) that are induced by F ∗; we say they are optimal clus-

ters. That is, i ∈ C∗
j if and only if the facility at xj is nearest to point xi. Because we do not break

the ties in any way, the clusters do not necessarily partition {0} ∪ [T ], but they do cover {0} ∪ [T ].

CCT build times and locations. Define t1 < . . . < tk ∈ [T ] to be the times at which CCT locates

facilities (i.e., not including the facility at point x0). Also, define t0 := 0 and tk+1 := T . Note that

t0 < t1. Furthermore, note that if CCT locates a facility at time T , then tk = tk+1. Otherwise, it

holds that tk < tk+1. For each ℓ ∈ [k], let fℓ ∈ [T ] denote the index of the point at which CCT

locates a facility at time tℓ. It follows that fℓ ≤ tℓ for each ℓ ∈ [k], and FT = {0, f1, . . . , fk}.

Discrete time intervals and associated costs. Define the discrete time intervals:

Iℓ := (tℓ−1, tℓ] := {tℓ−1 + 1, . . . , tℓ}, ℓ ∈ [k + 1].

In the event that CCT locates a facility at time T (i.e., tk = tk+1), we assume the convention that

Ik+1 := ∅. The time intervals Iℓ, ℓ ∈ [k + 1], form a partition of [T ]. For ℓ ∈ [k], CCT locates a

facility at the last time tℓ in the interval Iℓ and no other times in the interval. CCT does not locate

any facilities at times in the interval Ik+1.

For each ℓ ∈ [k + 1], define

v(ℓ) :=
∑
t∈Iℓ

vt(Ft)

to be the total variable cost incurred under CCT during the nterval Iℓ. Also, for each ℓ ∈ [k], define

c(ℓ) := Γ + v(ℓ)
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to be the total cost incurred under CCT during the time interval Iℓ. With these definitions in hand,

we can decompose the total cost incurred under CCT as follows:

cT (F1, . . . , FT ) = Γ(|FT | − 1) +

T∑
t=1

vt(Ft) = Γk +

k+1∑
ℓ=1

∑
t∈Iℓ

vt(Ft)

= Γk +
k+1∑
ℓ=1

v(ℓ) =
k∑

ℓ=1

c(ℓ) + v(k+1), (6)

where the second equality follows from |FT | = k + 1 and the fact that the intervals Iℓ, ℓ ∈ [k + 1],

form a partition [T ]; the third equality follows from the definition of v(ℓ); and the last inequality

follows from the definition of c(ℓ).

Basic properties. In Proposition 4.2 below, we make record of some basic properties of the

variable costs. The properties follow from our definition of the variable costs.

Proposition 4.2. Let F̂ , F̃ ⊆ {0} ∪ [T ] such that 0 ∈ F̂ and 0 ∈ F̃ . Then:

(i) if F̂ ⊆ F̃ , then vt(F̂ ) ≥ vt(F̃ ) for each t ∈ [T ];

(ii) vt(F̂ ) ≤ vt+1(F̂ ) for each t ∈ [T − 1].

Proof. Regarding statement (i), we have:

vt(F̂ ) = max
i∈[t]

min
j∈F̂

d(xi, xj) ≥ max
i∈[t]

min
j∈F̃

d(xi, xj) = vt(F̃ ),

where the inequality follows from F̂ ⊆ F̃ . For statement (ii), we have:

vt(F̂ ) = max
i∈[t]

min
j∈F̂

d(xi, xj) ≤ max
i∈[t+1]

min
j∈F̂

d(xi, xj) = vt+1(F̂ ),

which completes the proof.

In Proposition 4.3 below, we provide some basic properties of CCT in terms of the discrete time

interval notation introduced above. The first two properties follow immediately. The last property

requires an inductive argument.

Proposition 4.3. The following statements hold:

(i)
∑

t∈Iℓ\{tℓ} vt(Ftℓ−1
) < Γ for each ℓ ∈ [k], and v(k+1) < Γ.

(ii)
∑

t∈Iℓ vt(Ftℓ−1
) ≥ Γ for each ℓ ∈ [k].

(iii) vt(Ft) ≤ Γ for each t ∈ [T ].
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Proof. Statements (i) and (ii) are relatively straightforward. They follow directly from the fact

that CCT locates facilities at times t1, . . . , tk when the algorithm’s count of the cumulative variable

cost is at least Γ. Next, we apply induction to establish statement (iii) as follows.

Base case. Suppose that v1(F0) ≤ Γ. Because F0 ⊆ F1, we have from part (i) of Proposition 4.2

that v1(F1) ≤ Γ. Suppose that v1(F0) > Γ. Then, CCT locates a facility at point x1 at time 1, so

F1 = {0, 1}. Consequently, v1(F1) = 0 ≤ Γ.

Inductive step. Suppose that vt(Ft) ≤ Γ for some t ≥ 1. If vt+1(Ft) ≤ Γ, then by part (i) of

Proposition 4.2, vt+1(Ft+1) ≤ vt+1(Ft) ≤ Γ. Next, suppose that vt+1(Ft) > Γ. Then, CCT locates

a facility at point xt+1 at time t+ 1 because vt(Ft) ≤ Γ. Consequently, vt+1(Ft+1) ≤ Γ.

Finally, we derive a simple upper bound on d(xi, xj) for j ∈ F ∗ and i ∈ C∗
j .

Proposition 4.4. For j ∈ F ∗, i ∈ C∗
j , and t ∈ [T ] such that i ≤ t,

d(xi, xj) ≤ vt(F
∗).

Proof. Because i ≤ t, we can (inductively) apply part (ii) of Proposition 4.2 to obtain that

vt(F
∗) ≥ vi(F

∗) = max
u∈[i]

min
v∈F

d(xu, xv) ≥ min
v∈F

d(xi, xv) = d(xi, xj),

where the last equality follows from i ∈ C∗
j .

4.2 Competitive analysis

We carry over the notation and the assumptions established in Subsection 4.1. We begin with an

overview of our competitive analysis of CCT:

Overview of competitive analysis. First, we carefully construct a particular subset L ⊆ [k]

that we use to partition the intervals Iℓ, ℓ ∈ [k]; see (7) below together with the surrounding

discussion. Next, we establish properties of L; see Lemmas 4.1 and 4.2. Then, we show the total

cost
∑

ℓ∈[k]\L c(ℓ) incurred across intervals indexed by [k] \L is within a constant factor of the total

optimal offline variable cost
∑T

t=1 vt(F
∗); see Lemma 4.3. Thereafter, we proceed to show that the

total cost
∑

ℓ∈L c(ℓ) incurred across intervals indexed by L is at most a constant factor times Γk∗;

see Lemma 4.4. The desired result then follows. In the discussion below, whenever we say CCT

“selects an index,” we mean CCT constructs a facility at the respective point; see Algorithm 1.
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Construction of set L. Recall the definition (5) of the optimal clusters C∗
j , j ∈ F ∗, from

Subsection 4.1. Define

S1 := {j ∈ F ∗ \ {0} : C∗
j ∩ FT ̸= ∅}.

That is, for j ∈ F ∗ \ {0}, we have that j ∈ S1 if and only if CCT selects an index from C∗
j to be a

facility index. For j ∈ S1, define

bj := min
i∈[k]
{ti : fi ∈ C∗

j }

to be the first time at which CCT selects an index from C∗
j to be a facility index. We collect the

indices of these selection times into the set

L1 := {ℓ ∈ [k] : tℓ = bj for some j ∈ S1}.

Also, define

aj := min{t ∈ {0} ∪ [T ] : t ∈ C∗
j }

to be the first time that a point indexed by cluster C∗
j arrives. For j ∈ F ∗ \ {0}, define the set

S2 :=
{
j ∈ F ∗ \ {0} : aj ≤ max

ℓ∈[k]
{tℓ : ℓ /∈ L1}

}
.

That is, for j ∈ F ∗ \ {0}, we have that j ∈ S2 if and only if after or at time aj , CCT selects an

index from an optimal cluster that CCT already selected an index from. For j ∈ S2, define

dj := min
ℓ∈[k]
{tℓ : ℓ /∈ L1 and aj ≤ tℓ}

to be the first time after or at aj that CCT selects an index from an optimal cluster that CCT has

already selected an index from. We collect the indices of these selection times into the set

L2 := {ℓ ∈ [k] : tℓ = dj for some j ∈ S2}.

Finally, we define

L := L1 ∪ L2. (7)

Note that

|L| ≤ |L1|+ |L2| = |S1|+ |S2| ≤ 2|F ∗ \ {0}| ≤ 2k∗. (8)

Properties of L. Lemma 4.1 states sufficient conditions for membership in L. Following the proof

of the lemma, we discuss how we use these conditions in the overall proof of Theorem 4.1. The

proof of Lemma 4.1 simply follows from the construction of L.

Lemma 4.1. Let ℓ ∈ [k]. Suppose that there exists i ≤ tℓ such that i ∈ C∗
j for some j ∈ F ∗ \ {0}.
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Further suppose that either

(i) j /∈ S2, or

(ii) j ∈ S2 and tℓ ≤ dj.

Then, it holds that ℓ ∈ L.

Proof. Note that tℓ ≥ i ≥ aj , where the second inequality follows from the fact that i ∈ C∗
j and aj

is the first time at which a point indexed by C∗
j arrives.

Suppose that j /∈ S2. Then, after and including time aj , CCT does not select an index from an

optimal cluster that CCT has already selected an index from. So, at time tℓ ≥ aj , CCT selects an

index from an optimal cluster that CCT has not yet selected an index from. In other words, we

have that ℓ ∈ L1 ⊆ L.

Suppose that j ∈ S2 and tℓ ≤ dj . In the case that tℓ = dj , it holds that ℓ ∈ L2 ⊆ L. Accordingly,

suppose that tℓ < dj . Recall that dj is the first time after or at aj that CCT selects an index from

an optimal cluster that CCT has already selected an index from. Because dj > tℓ ≥ i ≥ aj , it must

be the case at time tℓ that CCT selects an index from an optimal cluster that CCT has not yet

selected an index from. That is, ℓ ∈ L1 ⊆ L.

We exploit Lemma 4.1 to prove Lemma 4.2 below. Lemma 4.2 states a bound on vt(Ftℓ−1
) for

each ℓ ∈ [k] \ L and t ∈ Iℓ. Ultimately, we use these bounds to, in turn, bound the total cost c(ℓ)

incurred in each interval Iℓ indexed by ℓ ∈ [k] \ L.

We apply Lemma 4.1 in the second case of the proof of Lemma 4.2 as follows; see also the

accompanying illustration in Figure 2. Let ℓ ∈ [k] \ L and t ∈ Iℓ. The overall goal in the proof

is to show that any point xi that arrives before or at time t is not “too far” from a facility built

by time tℓ−1. The second case of the proof supposes that i ∈ C∗
j for j ∈ F ∗ \ {0}. Recalling

ℓ ∈ [k] \L, Lemma 4.1 implies that j ∈ S2 and tℓ > dj . Note that it follows that tℓ−1 ≥ dj because

dj ∈ {t1, . . . , tk}. CCT selects an index fh from an optimal cluster C∗
q that CCT has already

selected an index from at time dj ≥ aj , so the point xaj must not be too far from a facility built

by time dj ≤ tℓ−1 (otherwise, CCT would have selected aj). In Figure 2, point xaj is not too far

from the facility at point xfg . Furthermore, we know that xi is not too far from xaj because their

indices lie in the same optimal cluster. Thus, point xi cannot be too far from the facility that xaj

is not too far from, namely the facility at xfg in Figure 2.
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xj

xi
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xfg
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)

≤
2v
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(F
∗ )

≤ vt(F
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≤
v t
(F

∗ )

Point CCT facility C∗
j C∗

q

Figure 2: Illustration of the second case in the proof of Lemma 4.2.

Lemma 4.2. For ℓ ∈ [k] \ L and t ∈ Iℓ,

vt(Ftℓ−1
) ≤ 4vt(F

∗).

Proof. Recall that vt(Ftℓ−1
) = maxi∈[t]minu∈Ftℓ−1

d(xi, xu). Accordingly, fixing an arbitrary i ∈ [t],

it is sufficient to show that

min
u∈Ftℓ−1

d(xi, xu) ≤ 4vt(F
∗). (9)

Take j ∈ F ∗ such that i ∈ C∗
j . We consider two cases:

Case 1. Suppose that j = 0. Because 0 ∈ Ftℓ−1
,

min
u∈Ftℓ−1

d(xi, xu) ≤ d(xi, x0) ≤ vt(F
∗),

where the second inequality follows from Proposition 4.4 (recall i ∈ C∗
0 and i ≤ t). Thus, (9) holds.

Case 2. Suppose that j ̸= 0. Because ℓ ∈ [k]\L, it follows from Lemma 4.1 that j ∈ S2 and tℓ > dj .

It further follows that tℓ−1 ≥ dj because dj ∈ {t1, . . . , tk}.

Let h ∈ [k] such dj = th. At time th, CCT selects index fh ∈ C∗
q for some q ∈ F ∗. Furthermore,

because th = dj , CCT must have selected another index from C∗
q at a time tg < th. That is, CCT

selects fg ∈ C∗
q at time tg.

Because tℓ−1 ≥ dj = th ≥ th−1 (note that th−1 is well-defined because tg is well-defined and
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tg < th), we have that

min
u∈Ftℓ−1

d(xaj , xu) ≤ min
u∈Fth−1

d(xaj , xu) ≤ min
u∈Fth−1

d(xfh , xu) ≤ d(xfg , xfh)

≤ d(xfg , xq) + d(xq, xfh) ≤ 2vt(F
∗), (10)

where the second inequality follows from the fact that CCT selects index fh at time dj = th instead

of index aj (recall line 4 in Algorithm 1); the third inequality follows from fg ∈ Ftg ⊆ Fth−1
;

the fourth inequality follows from the triangle inequality; finally, the last inequality follows from

Proposition 4.4, which is applicable because fg, fh ∈ C∗
q , fg ≤ tg ≤ tℓ−1 < t, and fh ≤ th ≤ tℓ−1 < t.

Take w ∈ argminu∈Ftℓ−1
d(xaj , xu), so d(xaj , xw) ≤ 2vt(F

∗) from (10). Because w ∈ Ftℓ−1
:

min
u∈Ftℓ−1

d(xi, xu) ≤ d(xi, xw) ≤ d(xi, xaj ) + d(xaj , xw)

≤ d(xi, xj) + d(xj , xaj ) + 2vt(F
∗) ≤ 4vt(F

∗),

where the second inequality follows from the triangle inequality; the third inequality follows from

the triangle inequality and d(xaj , xw) ≤ 2vt(F
∗); and the last inequality follows from Proposition

4.4, which can be applied because aj , i ∈ C∗
j , aj ≤ dj ≤ tℓ−1 < t, and i ≤ t. Thus, (9) holds, which

completes the proof.

Bounding costs incurred. We turn our attention to bounding the costs incurred under CCT.

The bounds more or less follow from Lemma 4.2 and Proposition 4.3.

Lemma 4.3.
∑

ℓ∈[k]\L c(ℓ) ≤ 8
∑T

t=1 vt(F
∗).

Proof. If [k] \ L = ∅, then the desired result trivially holds. Thus, suppose that [k] \ L ̸= ∅. Let

ℓ ∈ [k] \ L. Note from the definition of v(ℓ) that

v(ℓ) =
∑
t∈Iℓ

vt(Ft) ≤
∑
t∈Iℓ

vt(Ftℓ−1
) ≤ 4

∑
t∈Iℓ

vt(F
∗), (11)

where the first inequality follows from part (i) of Proposition 4.2 (Ftℓ−1
⊆ Ft for t ∈ Iℓ), and the

second inequality follows from Lemma 4.2. Also, note from part (ii) of Proposition 4.3 that

Γ ≤
∑
t∈Iℓ

vt(Ftℓ−1
) ≤ 4

∑
t∈Iℓ

vt(F
∗), (12)

where the second inequality follows from Lemma 4.2.

Finally, from the definition of c(ℓ), we have that:
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∑
ℓ∈[k]\L

c(ℓ) =
∑

ℓ∈[k]\L

(Γ + v(ℓ)) ≤ 8
∑

ℓ∈[k]\L

∑
t∈Iℓ

vt(F
∗) ≤ 8

T∑
t=1

vt(F
∗),

where the first inequality follows from (11) and (12); and the last inequality follows from the fact

that the intervals Iℓ, ℓ ∈ [k + 1], form a partition of [T ], by their definition.

Lemma 4.4. If k∗ > 0, then
∑

ℓ∈L c(ℓ) + v(k+1) ≤ 7Γk∗.

Proof. If L = ∅, then the desired result trivially holds. Thus, suppose that L ̸= ∅. For ℓ ∈ L, we

have from the definition of c(ℓ) that

c(ℓ) = Γ + v(ℓ) = Γ +
∑
t∈Iℓ

vt(Ft) = Γ +
∑

t∈Iℓ\{tℓ}

vt(Ft) + vtℓ(Ftℓ) ≤ 3Γ,

where the inequality follows from parts (i) and (iii) of Proposition 4.3. So, from (8), we have that∑
ℓ∈L

c(ℓ) + v(k+1) ≤ 6Γk∗ + v(k+1) ≤ 6Γk∗ + Γ ≤ 7Γk∗,

where the second inequality follows from part (i) of Proposition 4.3, and we use the fact that k∗ > 0

in the last inequality.

Finally, we are prepared to prove Theorem 4.1.

Proof of Theorem 4.1. We consider two cases, namely, when k∗ = 0 and k∗ > 0. We present an

ad-hoc analysis for the first case, and then, we exploit the established results of this subsection to

tackle the second case.

Case 1. Suppose that k∗ = 0. Then, F ∗ = {0}, and consequently, F ∗ ⊆ Ft for each t ∈ [T ]. Thus,

from part (i) of Proposition 4.2, we have that:

vt(Ft) ≤ vt(F
∗), ∀t ∈ [T ]. (13)

For each ℓ ∈ [k], part (ii) of Proposition 4.3 implies that:

Γ ≤
∑
t∈Iℓ

vt(Ftℓ−1
) ≤

∑
t∈Iℓ

vt(Ft) ≤
∑
t∈Iℓ

vt(F
∗), (14)

where the second inequality follows from part (i) of Proposition 4.2 (Ftℓ−1
⊆ Ft for t ∈ Iℓ), and the

last inequality follows from (13). Finally, we observe that:

cT (F1, . . . , FT ) =
∑
ℓ∈[k]

c(ℓ) + v(k+1) =
∑
ℓ∈[k]

(
Γ +

∑
t∈Iℓ

vt(Ft)
)
+
∑

t∈Ik+1

vt(Ft)
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≤ 2
∑
ℓ∈[k]

∑
t∈Iℓ

vt(F
∗) +

∑
t∈Ik+1

vt(F
∗) ≤ 2

(∑
ℓ∈[k]

∑
t∈Iℓ

vt(F
∗) +

∑
t∈Ik+1

vt(F
∗)
)

= 2
∑
t∈[T ]

vt(F
∗) = 2OPT,

where the second equality above follows from the definitions of c(ℓ), ℓ ∈ [k], and v(k+1); the first

inequality follows from (13) and (14); the third equality follows from the fact that the intervals

Iℓ, ℓ ∈ [k + 1], form a partition of [T ]; the last equality follows from the fact that no facilities are

located under F ∗ (recall the supposition that k∗ = 0).

Case 2. Suppose that k∗ > 0. From the cost decomposition outlined in (6), we obtain that:

cT (F1, . . . , FT ) =
∑
ℓ∈[k]

c(ℓ) + v(k+1) =
∑
ℓ∈L

c(ℓ) + v(k+1) +
∑

ℓ∈[k]\L

c(ℓ)

≤ 7Γk∗ + 8
T∑
t=1

vt(F
∗) ≤ 8

(
Γk∗ +

T∑
t=1

vt(F
∗)
)
= 8OPT,

where the first inequality follows from Lemmas 4.3 and 4.4.

4.3 Lower bounds on the competitive ratio

The instances we consider in the proof of Proposition 4.1 are similar to those used in the proof of

Proposition 3.4. Specifically, we direct the reader to Figure 3 for an illustration of the instance

for T = 4. The optimal fully offline solution locates a facility at the point x4. It follows that

OPT = (Γ/2)T +Γ− ϵ. CCT locates facilities at times 2, . . . , T − 1. Thus, the total costs incurred

under CCT are given by (2Γ− ϵ)T − 2Γ.

x2

x4 = (0, 0)
x1

x1 = (−Γ/2 + ϵ, 0)
x3

x3 = (Γ/2, 0)

x0

x0 = (0,−Γ/2)

x2

x2 = (0,Γ/2)

Figure 3: Illustration of the instance presented in the proof of Proposition 4.1 for T = 4. The
metric for the instance is the taxicab metric, i.e., d(x, y) =

∑n
i=1|xi − yi| for x, y ∈ Rn.
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Proof of Proposition 4.1. Let n = ⌈T/2⌉. Also, let ei denote the i-th standard unit vector in

Rn for each i ∈ [n]. Consider the following instance. Take X̂ = {ei}i∈[n] ∪ {−ei}i∈[n], and take

x̂0, x̂1, . . . , x̂T−1 ∈ X̂ to be distinct. Further take

xt =



(Γ/2)x̂t t = 0

(Γ/2− ϵ)x̂t t = 1

(Γ/2)x̂t t ∈ {2, . . . , T − 1}

0 t = T,

t ∈ {0} ∪ [T ].

Finally, take the metric d to be 1-norm distance, i.e., d(x, y) =
∑n

i=1|xi − yi| for x, y ∈ Rn.

It is readily verified that F ∗ = {0, T} is an optimal solution to the fully offline problem. The

variable costs under F ∗ are given by v1(F
∗) = Γ/2 − ϵ and vt(F

∗) = Γ/2 for t = 2, . . . , T . Thus,

OPT = Γ(|F ∗| − 1) +
∑T

t=1 vt(F
∗) = (Γ/2)T + Γ− ϵ.

It is also easily verified that CCT returns the solution (F1, . . . , FT ) defined by F1 = {0} and

Ft = {0, 2, . . . , t} for t = 2, . . . , T − 1, and FT = {0, 2, . . . , T − 1}. The variable costs under

(F1, . . . , FT ) are given by vt(FT ) = Γ− ϵ, t ∈ [T ]. Thus, the total cost incurred under CCT is given

by cT (F1, . . . , FT ) = Γ(T − 2) + (Γ− ϵ)T = (2Γ− ϵ)T − 2Γ. The result then follows.

5 Computational experiments

In this section, we support our theoretical developments by examining the empirical performance

of the CCT algorithm and the offline models. First, in Subsection 5.1, we focus on synthetic test

instances with randomly generated demand points. Next, in Subsection 5.2, we present our exper-

iments using instances constructed from real-life demand points based on DHL facility locations.

Note that some of the tables and figures are relegated to Appendix B due to space limitations.

Hardware and Software. Our computational study is performed on an HP Z440 Server running

the Ubuntu Linux 20.04.5 LTS operating system equipped with Intel Xeon E5-1630 processor (CPU

3.70Ghz, 4 core, 8 thread) and 64 GB RAM. The mixed-integer programming formulations are all

solved using Gurobi Optimizer 9.5 (via Gurobi’s Python API), and Algorithm 1 is programmed

using Python. We use Python to aid in instance generation and to interact with the Google Maps

Distance Matrix API [1], which we use to preprocess our DHL facility location dataset.
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(a) (b)

Figure 4: The synthetic online facility location instances — the average results for 30 instances
with 95% confidence interval and Γ ∈ {0, 1, . . . , 30}. In (a), we depict the objective function values
for all three considered methods; in (b), we depict the empirical competitive ratio of the CCT
algorithm with respect to the fully offline and the semi-offline models; see (1) and (2), respectively.

5.1 Synthetic online facility location instances

We generate a testbed of synthetic instances as follows. First, we independently sample T +1 = 51

demand points uniformly at random from the unit square [0, 1]2. Recall our assumption that there

is a facility already built at x0 ∈ X at time t = 0, which incurs no fixed cost; hence, exactly T

demand points arrive at t ∈ {1, . . . , 50}. We then measure the distances between the points using

the Euclidean metric. We repeat this procedure 30 times to obtain 30 sets of 51 demand points with

the corresponding distances. Finally, we consider a range of fixed costs given by Γ ∈ {0, 1, . . . , 30}.

Next, we explore the performance of the CCT algorithm (i.e., Algorithm 1) as well as the

corresponding fully offline (1) and semi-offline (2) optimization models. The results for the latter

two are computed using MILPs (3) and (4), respectively.

Solution quality. We first depict the average objective function values (i.e., the total cost incurred

up to and including time T ) computed by all three considered approaches for Γ ∈ {0, 1, . . . , 30};

see Figure 4(a). Furthermore, we also report the empirical competitive ratio of CCT relative to the

fully offline and semi-offline solutions; see Figure 4(b). That is, these ratios represent the objective
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Figure 5: The synthetic online facility location instances – the average number of facilities located
over 30 instances with 95% confidence interval for Γ ∈ {0, 1, . . . , 30}. All methods locate facilities
at all T = 51 demand points for Γ = 0. Thus, we limit the vertical range of the depicted results to
8 facilities. The average number of facilities built by CCT for Γ ∈ {1, 2} is 14 and 9, respectively.

function values obtained by CCT relative to the optimal objective function values of the fully offline

and semi-offline models, respectively; recall our discussion in Section 2.1.

Naturally, as the value of the fixed cost Γ increases the corresponding objective function values

for all approaches tend to increase as well. Note that they are guaranteed to monotonically in-

crease for the offline problems; however, it does not necessarily occur for the CCT solutions. This

observation is quite intuitive given that CCT constructs more facilities than the optimal solutions

of the offline problems (we explore this issue further below). Also, as expected, the average optimal

objective function values of the offline problems (and the average objective function value of CCT

to a lesser extent) eventually plateau as the fixed cost becomes increasingly prohibitive.

One notable observation is that for each value of Γ, the average optimal objective function val-

ues of the fully offline and semi-offline problems are relatively close to each other. That is, the ratio

of these objective function values is significantly smaller than the worst-case ratio of 2 established

in Proposition 3.3. This empirical evidence further supports our earlier claim that we are not being

overly conservative in using the fully offline optimal objective function value for the theoretical

competitive ratio in Theorem 4.1; recall also our discussion in Subsection 3.3.

Finally, perhaps, the most important observation in this set of experiments is that the average
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empirical competitive ratio of CCT is significantly smaller than the worst-case theoretical compet-

itive ratio of 8 provided by Theorem 4.1. Recall from our discussion of Proposition 4.1 that it is

unclear whether our analysis of CCT is tight. In fact, in Proposition 4.1, we establish an asymp-

totic lower bound of only 4 on the competitive ratio of CCT. Hence, there may be some empirical

evidence suggesting that our main result in Theorem 4.1 could potentially be strengthened.

Solution structure. In Figure 5, we depict the average number of facilities constructed by each

of the considered three methods as the fixed cost Γ increases. Unsurprisingly, as the value of Γ

increases, each method locates fewer facilities.

For sufficiently large Γ, the offline solutions eventually locate no facilities, aside from the facility

given at time 0 that comes at no fixed cost. This observation explains the plateau in Figure 4(a).

Taking Γ to be larger, we would eventually also observe a plateau at one facility for CCT as well.

For each value of Γ, CCT, on average, constructs more facilities than the offline solutions. Indeed,

unlike the offline models, CCT does not have access to full information and tends to “over-build”

at sub-optimal demand points early on, and possibly continues to add facilities when it may not

lead to significant improvements in the total costs.

Solution times. We also investigate the solution times of the fully offline (3) and semi-offline (4)

MILPs as well as CCT. For conciseness, all these results are relegated to Appendix B.

5.2 Locating DHL facilities in the Northeastern United States

We use a dataset from the Homeland Infrastructure Foundation-level Data database [2] that con-

tains geographic coordinates and metadata for DHL facilities in the United States. The dataset

includes information on multiple types of DHL facilities, namely, drop boxes, drop-off facilities,

authorized shipping centers, and fully staffed DHL facilities. Drop boxes and drop-off facilities are

express shipping locations for customers to drop off packages, and authorized shipping centers may

be shared with other carriers; hence, we restrict our attention to fully-staffed DHL facilities.

In this set of experiments, we simulate the growth of the DHL network in the United States,

with the company deciding which fully staffed DHL facilities to upgrade to central (or hub) facilities

in an online fashion, as new DHL facilities continue to be built. In terms of our problem statement,

the DHL facilities from the dataset serve as the demand points, and upgrading a DHL facility into

a central (hub) facility corresponds to locating a facility at a demand point.

The original dataset contains 326 fully-staffed DHL facilities across the United States. In order
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to run an experiment with a manageable instance size for the fully offline MILPs (so we can evaluate

the empirical competitive ratio of Algorithm 1), we restrict our attention to T = 40 DHL facilities

from the Northeastern United States. We compute the road distances between DHL facilities using

the the Google Maps Distance Matrix API.

The dataset does not provide information on the order in which the DHL facilities (demand

points) were built (arrived). We generate three different arrival orders as follows. First, we select

the initial demand point x0 uniformly at random from the considered 40 locations. Then, we

compute the following three arrival orders (using the same initial demand point x0):

(i) Random arrival order. We sample the demand points x1, . . . , x39 uniformly at random without

replacement from the remaining 39 DHL facility locations.

(ii) Nearest arrival order. For t ∈ [39], we successively take xt to be a location amongst the

remaining 40− t DHL facility locations that is nearest to the already chosen locations, i.e., we

select xt that minimizes mini∈{0}∪[t−1] d(xt, xi). One can argue that the nearest arrival order

simulates a natural growth pattern for the industrial facility location application at hand.

(iii) Farthest arrival order. For t ∈ [39], we successively take xt to be a location amongst the

remaining 40 − t DHL facility locations that is farthest to the already chosen locations, i.e.,

we select xt that maximizes mini∈{0}∪[t−1] d(xt, xi). In a sense, the farthest arrival order

simulates a pathological growth pattern of the underlying facility network.

We repeat the outlined randomization processes 30 times for each order type, obtaining a

total of 90 different arrival orders. For each of these arrival orders, we consider fixed costs Γ ∈

{240,000, 245,000, . . . , 400,000}, yielding the total number of instances to 90× 33 = 2,970.

Solution quality. We plot the average empirical competitive ratio of CCT against the fixed cost

Γ for all three arrival orders in Figure 6(a). It is quite intuitive that CCT performs best for the

nearest arrival order, worst for the farthest arrival order, and somewhere in between for the ran-

dom arrival order. Indeed, when the demand points arrive in the nearest arrival order, any facility

that is upgraded to a hub facility is likely to be close to DHL facilities that are constructed soon

after the upgrade, reducing the impact of sub-optimally locating hub facilities. On the other hand,

when the demand points arrive in the farthest order, a facility that is upgraded to a hub facility

is not guaranteed to be close to the DHL facilities that arrive soon after the hub facility is estab-

lished. This discussion is somewhat reminiscent of the intuition behind the worst-case instances
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(a) Competitive ratio of CCT (b) Objective of fully offline model

Figure 6: DHL facilities in the Northeastern United States – the average results for 30 instances with
95% confidence interval and Γ ∈ {240,000, 245,000, . . . , 400,000}. In (a), we depict the empirical
competitive ratio of CCT for all three arrival orders; in (b), we depict the optimal objective function
value of the fully offline model, see (1), for all three arrival orders.

constructed in the proofs of Propositions 3.4 and 4.1. Finally, it is worth pointing out that for this

set of test instances the empirical competitive ratio of CCT is relatively similar to that reported

for the synthetic test instances. As before, it is significantly smaller than the worst-case theoretical

competitive ratio of 8 provided by Theorem 4.1.

In Figure 6(b), we depict the optimal objective function value of the fully offline model. Recall

that the resulting costs depend on the arrival order. Interestingly, for smaller values of Γ, the costs

associated with the farthest arrival order are lower than those of the random arrival order. This

finding may be attributed to the fact that, for smaller values of Γ, the fully offline model upgrades

more facilities. In general, the total costs associated with the farthest and random arrival orders are

close to each other for the considered range of Γ. This observation perhaps explains why the corre-

sponding empirical competitive ratios in Figure 6(a) exhibit a somewhat similar increasing trend.

Solution structure. We plot the optimal fully offline and CCT hub facility locations on the

United States map for three different instances that each have different arrival orders, namely,

random, nearest, and farthest; see Figures 7, 10 and 11, respectively. Due to space limitations and

for brevity, the latter two figures are in Appendix B. In each of the instances, we use Γ = 400,000
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and the hub facility given at time t = 0 to be in Manhattan, New York.

Unsurprisingly, CCT locates more hub facilities than the optimal fully offline solutions. Addi-

tionally, CCT locates fewest hub facilities for the nearest arrival order and most for the farthest ar-

rival order. These observations are consistent with those discussed in relation to Figure 6(a). In the

worst case, i.e., under the farthest arrival order, CCT locates almost twice as many more hub facili-

ties than the optimal fully offline solution. However, the average ratio of the corresponding objective

function values under CCT and the optimal fully offline solutions is not as large as this ratio of the

number of facilities located. This finding implies that on average the total variable costs incurred

under CCT is smaller than the total variable costs incurred under the optimal fully offline solution.

6 Concluding remarks

It is well known from the existing studies that it is not possible to develop constant-factor com-

petitive algorithms for online facility location with one-time demand. For the one-time demand

model, the underlying primary hurdle is that, after locating a facility at a certain point, few or

even no future demand points are likely to arrive nearby. However, in the recurring demand model,

all demand points need to be continuously served over time. Thus, the outlined issue is less of a

concern. Motivated by this intuitive observation, we developed a constant-factor competitive al-

gorithm for online facility location with recurring maximum demand. Specifically, we showed that

the CCT algorithm is 8-competitive. Moreover, the proposed algorithm is rather intuitive, and,

more importantly, simple enough to be used in practical settings.

Furthermore, we also studied the corresponding offline foundations. Perhaps, our most inter-

esting observation is that the optimal objective function values of the fully offline and semi-offline

problems are relatively close to each other, both theoretically and empirically in our experiments.

There are several intriguing directions for future research. First, it is naturally of interest to

close the gap between the theoretical upper bound of 8 and the asymptotic lower bound of 4 for the

CCT competitive ratio. Indeed, in our experiments with both the synthetic and real-life demand

points, the average empirical competitive ratio of CCT is significantly smaller than the worst-case

theoretical competitive ratio of 8. Furthermore, we focus on the maximum recurring demand, i.e.,

the worst-case demand in each arrival time, but one could consider other types of the recurring

demand. For instance, one could take the variable costs to be sum-based rather than max-based.

Finally, it may also be of interest to consider recurring cost structures in other online optimization

contexts. More broadly, are problems with recurring cost structures easier to approximate?
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(a) Fully offline model, random arrival order

(b) CCT, random arrival order

Figure 7: Northeastern United States with optimal fully offline and CCT solutions for the dataset
with DHL facilities under random arrival order. Points in a star shape are hub facilities. Points
are colored according to a linear gradient: earlier arrival points are colored more green, and later
arrival points are colored more red.
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A Proofs omitted in the main body

A.1 Proof of Proposition 3.1

As mentioned earlier, the proof of Proposition 3.1 uses a reduction from the dominating set problem.

We present a description of the dominating set problem below. Also, see Figure 8 for an illustration

of the BFO decision instance that we construct in the proof of Proposition 3.1.

Dominating set problem:

• Instance. A graph G = (V,E) and target dominating set size k ∈ Z>0.

• Question. Is there a dominating set of cardinality no greater than k in G?

t =

xt =

(yes) vt(F )

(no) vt(F )

1 · · · n− 1 n n+ 1 · · · 2n

1 · · · n− 1 n 1 · · · n

≤ 1 · · · ≤ 1 ≤ 1 ≤ 1 · · · ≤ 1

≥ 0 · · · ≥ 0 ≥ 2 ≥ 2 · · · ≥ 2

Figure 8: Illustration of the BFO decision instance constructed in the proof of Proposition 3.1.

Proof of Proposition 3.1. Let (G, k) be an instance of the dominating set problem. Suppose that

G = ([n], E), i.e., G has n vertices that are labeled by the set [n]. We construct an instance of the

BFO decision problem from (G, k) as follows. Take X = {0} ∪ [n], T = 2n, and

xi =


0 i = 0

i 1 ≤ i ≤ n

i− n n+ 1 ≤ i ≤ 2n,

i ∈ {0} ∪ [2n].

That is, vertices 1, . . . , n arrive at times 1, . . . , n, and they also arrive at times n+1, . . . , 2n. Next,

take d to be the metric such that d(xi, xj) = 1 if xi, xj ∈ [n] and xi is adjacent to xj in G, and

d(xi, xj) = 2, otherwise. It is readily verified that d is a metric. Finally, take k to be the budget

parameter, and take α = 2n to be the target objective value.

Suppose that G has a dominating set F ′ ⊆ [n] such that |F ′| ≤ k. Let F = F ′ ∪ {0} ∈ FBFO.

Then, for each vertex u ∈ [n] \ F , there exists v ∈ F ′ ⊆ F such that d(u, v) ≤ 1. Because each
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point that arrives is one of the vertices, it follows that

vt(F ) = max
i∈[t]

min
j∈F

d(xi, xj) ≤ 1

for all t ∈ [T ]. Consequently,
∑T

t=1 vt(F ) ≤ T = α, and the answer to the BFO decision problem

instance is yes, as desired.

Suppose that G does not have a dominating set of size at most k. Then, for any F ∈ FBFO, it

holds that vt(F ) = 2 for all n ≤ t ≤ 2n because all vertices arrive (for the first time) by time n.

Thus, for all F ∈ FBFO,

T∑
t=1

vt(F ) =

2n∑
t=1

vt(F ) ≥
2n∑
t=n

vt(F ) = 2n+ 2 > 2n = α,

so the answer to the BFO decision problem instance is no, as desired.

A.2 Proof of Proposition 3.2

Our proof of Proposition 3.2 is similar to our proof of Proposition 3.1. To account for the fact

that facilities cannot be built at time 0 in the semi-offline problem, we construct a BSO decision

instance with T = 3n points instead of 2n points as in the proof of Proposition 3.1. Given that the

proofs are similar, we do not include as many details.

Proof of Proposition 3.2. Let (G, k) be an instance of the dominating set problem. Suppose that

G = ([n], E), i.e., G has n vertices that are labeled by the set [n]. We construct an instance of the

BSO decision problem from (G, k) as follows. Take X = {0} ∪ [n], T = 3n, and

xi =



0 i = 0

i 1 ≤ i ≤ n

i− n n+ 1 ≤ i ≤ 2n

i− 2n 2n+ 1 ≤ i ≤ 3n

i ∈ {0} ∪ [3n].

Next, take d to be the metric such that d(xi, xj) = 1 if xi, xj ∈ [n] and xi is adjacent to xj in

G, and d(xi, xj) = 2, otherwise. It is readily verified that d is a metric. Finally, take k to be the

budget parameter, and take α = 4n− 1 to be the target objective value.

Suppose that G has a dominating set F ′ ⊆ [n] such that |F ′| ≤ k. For t ∈ [T ], let Ft = {0}∪{i ∈
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F ′ : i ≤ t}, and consider the solution (F1, . . . , FT ) ∈ FBSO. Because F ′ is a dominating set in G,

it holds that vt(F1, . . . , Ft) ≤ 1 for all n ≤ t ≤ 3n. Because vt(F1, . . . , Ft) ≤ 2 for all t ∈ [n− 1], we

further have that
T∑
t=1

vt(F1, . . . , Ft) ≤ 2(n− 1) + 2n+ 1 = 4n− 1 = α,

so the answer to the BSO decision problem instance is yes, as desired.

Suppose that G does not have a dominating set of size at most k. Then, for any (F1, . . . , FT ) ∈

FBSO, it holds that vt(F1, . . . , Ft) ≥ 2 for all n ≤ t ≤ 3n. Thus,

T∑
t=1

vt(F1, . . . , Ft) ≥ 4n+ 2 > α,

so the answer to the BSO decision problem instance is no, as desired.

A.3 Proof of Proposition 3.3

Proof of Proposition 3.3. Let F ∗ ⊆ {0}∪ [T ] be an optimal solution to the fully offline problem (1).

Define

C∗
j :=

{
i ∈ {0} ∪ [T ] : j ∈ argmin

ℓ∈F ∗
d(xi, xℓ)

}
, j ∈ F ∗

to be the clusters that are induced by F ∗. That is, i ∈ C∗
j if and only if the facility at xj is a

facility that is nearest to point xi. Because we do not break the ties in any way, the clusters do

not necessarily partition {0} ∪ [T ], but they do cover {0} ∪ [T ]. Also, define

aj := min{t ∈ {0} ∪ [T ] : t ∈ C∗
j }

to be the first time that a point indexed by cluster C∗
j arrives; clearly, a0 = 0. Note that we define

the same notions of optimal clusters and first arrival times in Subsections 4.1 and 4.2, respectively.

Below we employ Proposition 4.4 from Subsection 4.1. Consider the solution (F1, . . . , FT ) to the

semi-offline problem defined by

Ft = {aj : j ∈ F ∗ and aj ≤ t}, t ∈ [T ].

The solution locates a facility at the first point to arrive in each cluster induced by the optimal

fully offline solution.
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First, we show that

vt(Ft) ≤ 2vt(F
∗) (15)

for each t ∈ [T ]. It is sufficient to show that minj∈Ft d(xi, xj) ≤ 2vt(F
∗), where i ∈ [t]. Take ℓ ∈ F ∗

such that i ∈ C∗
ℓ . Then aℓ ∈ Ft because point xi arrives before or at time t. Hence,

min
j∈Ft

d(xi, xj) ≤ d(xi, xaℓ) ≤ d(xi, xℓ) + d(xℓ, xaℓ) ≤ 2vt(F
∗),

where the second inequality follows from the triangle inequality, and the last inequality follows from

Proposition 4.4 (which we can apply because i, aℓ ∈ C∗
ℓ and i, aℓ ≤ t). Thus, (15) holds.

Finally, we observe that

OPTsemi ≤ Γ(|FT | − 1) +
T∑
t=1

vt(Ft) ≤ Γ(|F ∗| − 1) + 2
T∑
t=1

vt(F
∗)

≤ 2

(
Γ(|F ∗| − 1) +

T∑
t=1

vt(F
∗)

)
= 2OPT,

where the second inequality follows from |FT | = |F ∗| and (15).

A.4 Proof of Proposition 3.4

Proof of Proposition 3.4. Let n = ⌈T/2⌉, and define ei to be the i-th standard unit vector in

Rn for each i ∈ [n]. Consider the following instance. Take X = {ei}i∈[n] ∪ {−ei}i∈[n], take

x0, x1, . . . , xT−1 ∈ X to be distinct, and take xT = 0 ∈ Rn to be the origin. Finally, take Γ = 2

and the metric d to be 1-norm distance, i.e., d(x, y) =
∑n

i=1|xi − yi| for x, y ∈ Rn.

It is readily verified that F ∗ = {0, T} is an optimal solution to the fully offline problem. Because

vt(F
∗) = 1 for each t ∈ [T ], we have that OPT = 2 + T .

It is also easily verified that the solution defined by F ∗
t = {0}, t ∈ [T ] (i.e., do not construct

any centers) is an optimal solution to the semi-offline problem. Because vt(F
∗
t ) = 2 for t ∈ [T ], we

have that OPTsemi = 2T . The proposition then follows.
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B Computational experiments: additional results

We explore the scalability of the fully offline MILP (3) and the semi-offline MILP (4) formulations

using an off-the-shelf solver; the details on the software and hardware used in our experiments are

outlined in Section 5. Note that the fully offline MILP has O(T 2) variables and O(T 2) constraints,

and the semi-offline MILP has O(T 3) variables and O(T 3) constraints.

In Figure 9 we plot the average solution times for the two considered MILPs with the test

instances constructed in Subsection 5.1. In the first plot of the figure, we plot against the fixed

cost Γ, and in the second plot of the figure, we plot against the number of demand points (i.e., we

solve subsets of the instances we generated, using only the first points), fixing the fixed cost Γ = 6.

(a) (b)

Figure 9: Average solution times in seconds (over 30 instances with 95% confidence interval) for the
fully offline MILP (3) and semi-offline MILP (4) against (a) the fixed cost, Γ, and (b) the number
of the demand points.

Interestingly, the average solution time for both MILPs at first grows rapidly as a function of

the fixed cost and then decreases at a slower rate. This behavior can perhaps be explained by

the fact that it “easy” to locate facilities when the fixed costs are either sufficiently small (locate

facilities at every demand point) or sufficiently large (do not locate any facilities). As expected, the

average solution times for both MILPs increases with the number of demand points. Furthermore,
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the average solution time of the semi-offline MILP is greater than that of the fully offline MILP,

which is quite intuitive given the differences in the sizes of the formulations.

The MILP formulations are solved to optimality in under 30 seconds for the test instances in

Subsection 5.1. Hence, we generate additional instances with T ∈ {75, 100, 200} demand points.

Using Figure 9 as a guideline, we generate instances with the most “challenging” fixed cost values.

Specifically, we take Γ ∈ {3, 5, 10}. For each combination (T,Γ), we generate 30 instances, obtaining

3× 3× 30 = 270 instances in total. For each instance, we solve the corresponding fully offline and

semi-offline MILP formulations. We also apply CCT to each instance. Finally, we set a time limit

equal to 1 hour.

Table 1 displays the results for the instances with T = 75 and T = 100 demand points. In

addition to the average running time, we report the percentage of the 30 instances that were solved

to optimality within the time limit. Table 2 displays the same results for instances with T = 200

demand points. Table 2 does not include results for the semi-offline MILP because we were not

able to solve the semi-offline MILP for any instances with 200 demand points.

Instance CCT Fully Offline Semi Offline

Points Fixed Cost Time (s) Solved (%) Time (s) Solved (%) Time (s) Solved (%)

3 0.04 100 58.80 100 484.16 100

75 5 0.04 100 31.41 100 404.97 100

10 0.04 100 12.08 100 234.45 100

3 0.05 100 402.40 100 2487.89 77

100 5 0.05 100 147.95 100 2787.46 67

10 0.05 100 69.56 100 2200.71 87

Table 1: The average running time (in seconds) and the percentage of the instances solved to
optimality within a 1 hour time limit over 30 randomly generated instances of size T ∈ {75, 100}
with Γ ∈ {3, 5, 10}.

Instance CCT Fully Offline

Points Fixed Cost Time (s) Solved (%) Time (s) Solved (%)

3 0.14 100 3600.00 0

200 5 0.13 100 3600.00 0

10 0.13 100 2807.16 57

Table 2: The average running time (in seconds) and the percentage of the instances solved to
optimality within a 1 hour time limit over 30 randomly generated instances of size T = 200 with
Γ ∈ {3, 5, 10}.
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(a) Fully offline model, nearest arrival order

(b) CCT, nearest arrival order

Figure 10: Northeastern United States with optimal fully offline and CCT solutions for the dataset
with DHL facilities under nearest arrival order. Points in a star shape are hub facilities. Points
are colored according to a linear gradient: earlier arrival points are colored more green, and later
arrival points are colored more red.
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(a) Fully offline model, farthest arrival order

(b) CCT, farthest arrival order

Figure 11: Northeastern United States with optimal fully offline and CCT solutions for the dataset
with DHL facilities under farthest arrival order. Points in a star shape are hub facilities. Points
are colored according to a linear gradient: earlier arrival points are colored more green, and later
arrival points are colored more red.
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