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Abstract

In the celebrated ℓ-most-vital-arcs problem (MVAℓ), an interdictor seeks to remove
ℓ arcs in a given directed graph in order to maximize the length of an evader’s shortest
directed s-t path. We propose and study a generalization of the problem that we refer
to as the k-adaptive ℓ-most-vital-arcs problem (AVAk,ℓ), which reflects the practical
situation in which the interdictor does not have full information about the evader, but
can prepare for uncertainty with contingency plans. In AVAk,ℓ, there are a finite num-
ber of possible realizations of the evader’s arc costs. Before the costs are realized, the
interdictor precomputes k interdiction policies (i.e., contingency plans). Then, after the
costs are realized, the interdictor executes one of the k precomputed ℓ-arc interdiction
policies. The interdictor’s aim is to maximize the worst-case (i.e., shortest) shortest
s-t path across all realizations of the arc costs. Since MVAℓ is NP -hard and a special
case of AVAk,ℓ, it follows that AVAk,ℓ is NP -hard as well. We show that AVAk,ℓ is
NP -hard in settings where MVAℓ is polynomial-time solvable, specifically, when either
(i) the graph is extension-parallel or (ii) the graph is series-parallel and ℓ = 1. On
the flip side, we also show that there is a polynomial-time algorithm for AVAk,ℓ when
both conditions (i) and (ii) hold simultaneously.

Keywords. Shortest path interdiction, k-adaptive robust optimization, computational
complexity, series-parallel graphs.

1 Introduction

In the ℓ-most-vital-arcs problem (MVAℓ), an interdictor aims to remove ℓ arcs from a given
directed graph in order to maximize the length of an evader’s shortest directed s-t path,
i.e., a directed path from a given node s to a given node t in the graph [2, 19]. MVAℓ is a

∗Corresponding author.
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fundamental and perhaps the most celebrated problem within the network interdiction and
critical elements detection literature; see, e.g., the survey [20].

Formally, let G = (N,A) be a directed graph, where N and A denote the sets of its nodes
and arcs, respectively. Let s, t ∈ N , and assume that the evader traverses the graph along
an s-t directed path. We assume that G is a simple directed graph, i.e, it has no self-loops
and no parallel arcs. Define ca ∈ R≥0 to be the cost for the evader to traverse arc a ∈ A.

We collect the arc costs into the vector c ∈ R|A|
≥0.

Next, let Aℓ denote the set of subsets of A of cardinality at most ℓ. In other words, each
element of Aℓ represents a feasible interdiction policy consisting of at most ℓ arcs. Then,
MVAℓ is given by:

max
A′∈Aℓ

min
P∈P(G\A′)

∑
a∈A(P )

ca, (MVAℓ)

where the graph G\A′ is the subgraph of G induced by arcs A\A′, i.e., G\A′ := (N,A\A′),
the set P(G \A′) is the set of all directed s-t paths in G \A′, and the set A(P ) is the set of
all arcs in the path P . We assume without loss of generality that G \A′ contains a directed
s-t path for all A′ ∈ Aℓ, or, equivalently, no interdiction policy in Aℓ induces an s-t cut.

In this note, we consider a generalization of MVAℓ in which the interdictor does not
have full information about the evader. We model this lack of information (or uncer-
tainty) by considering m possible scenarios (realizations) of the evader’s arc costs given

by c(1), . . . , c(m) ∈ R|A|
≥0. Alternatively, one can interpret this network interdiction setting

as the problem with m distinct evaders, exactly one of whom (unknown to the interdictor)
attempts to traverse the graph G from node s to node t.

Given this setup, it is natural to consider a robust variation of the ℓ-most-vital-arcs
problem in which the interdictor aims to maximize the worst-case (i.e., shortest) shortest
directed s-t path across all realizations of the evader’s arc costs. This problem, which we
refer to as the robust ℓ-most-vital-arcs problem (RVAℓ), is given by:

max
A′∈Aℓ

min
i∈[m]

Zi(G \ A′), (RVAℓ)

where [m] := {1, . . . ,m}, and Zi(G \ A′) := minP∈P(G\A′)

∑
a∈A(P ) c

(i)
a .

However, in some application settings, the interdictor can adapt to uncertainty via contin-
gency plans. That is, before the evader’s arc costs are realized, the interdictor precomputes k
interdiction policies A(1), . . . , A(k) ∈ Aℓ (i.e., contingency plans). Once the costs are revealed,
the interdictor has capability to implement one of the k precomputed ℓ-arc interdiction poli-
cies. Ultimately, the interdictor’s aim is to maximize the worst-case (i.e., shortest) shortest
directed s-t path across the realizations of the evader’s arc costs, just as in RVAℓ. Formally,
we study the k-adaptive ℓ-most-vital-arcs problem (AVAk,ℓ), which is given by:

max
A(1),...,A(k)∈Aℓ

min
i∈[m]

max
j∈[k]

Zi(G \ A(j)), (AVAk,ℓ)

and one can observe that RVAℓ is a special case of AVAk,ℓ with k = 1.
Naturally, in the ideal situation for the interdictor, we have k = m. Then, AVAk,ℓ simply

reduces to solving m copies of MVAℓ, and the interdictor applies an optimal interdiction
policy for each evasion cost scenario (or, equivalently, for each distinct evader). However,
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from the practical perspective, it is rarely feasible to prepare for every possible realization
of the evader’s costs. In real-world security and defense applications, the decision-makers
prefer to maintain only a limited number of contingency plans. Indeed, implementing and
coordinating a large set of interdiction policies may result in an extremely complex task,
which can be resource-intensive and prone to errors. This trade-off motivates the study of
the k-adaptive setting, where the interdictor balances the overall solution quality with the
practical need for a reasonably small and manageable set of interdiction policies.

Note that AVAk,ℓ bears a close connection to the k-adaptive robust optimization litera-
ture [7]. The key difference is that the underlying nominal problem in AVAk,ℓ, i.e., MVAℓ,
is a bilevel optimization problem, instead of a single-level optimization problem. In par-
ticular, in MVAℓ the interdictor acts as the upper-level decision-maker (the leader), and
given the leader’s decision (interdiction), the evader (the follower) solves its own lower-level
optimization problem (the shortest path problem).

The motivation behind k-adaptive robust optimization is to address the potentially overly
conservative nature of robust optimization; see [1, 4, 5, 6, 9, 10, 11, 14, 18]. In the same
spirit, the potential advantage of AVAk,ℓ over RVAℓ is also evident. If the interdictor has
the capability to precompute contingency plans and to select one after the uncertainty is
realized, performance may improve significantly.

To this end, consider the example depicted in Figure 1. There are m = 3 evaders (or cost
scenarios). Their arc traversal costs and shortest s-t paths before interdiction are depicted
in the first row of the figure. Note that the worst-case (i.e., shortest) shortest s-t path length
before interdiction equals min{6, 5, 6} = 5. Suppose that the interdictor can remove one arc
from the graph, i.e., ℓ = 1. We illustrate the shortest s-t paths under the optimal robust 1-arc
interdiction policy A′ = {(s, 1)} (i.e., optimal solution to RVA1) in the second row of Figure
1. The worst-case shortest path length increases slightly to min{26, 28, 6} = 6. Suppose that
the interdictor can precompute k = 2 interdiction policies and choose one to implement once
uncertainty (the evader) is revealed (e.g., perhaps there is surveillance installed around node
s that captures which evader appears). We illustrate the shortest s-t paths under the optimal
adaptive 1-arc interdiction policy A(1) = {(s, 1)}, A(2) = {(2, 4)} (i.e., the optimal solution
to AVA2,1 in the third row of Figure 1). The worst-case shortest s-t path length increases
significantly to min{26, 28, 18} = 18. Thus, at least in this case, adaptive interdiction
strategies provide an attractive alternative to the corresponding static robust approach.

The MVAℓ problem is known to be NP -hard [2]. Clearly, it follows that AVAk,ℓ is NP -
hard because MVAℓ is a special case of AVAk,ℓ with k = m = 1. Intuitively, AVAk,ℓ should
be somewhat “harder” than MVAℓ, which raises a natural question: how much harder is
AVAk,ℓ, if at all, in settings, where MVAℓ is computationally “easy”? To address this ques-
tion, we explore the computational complexity of AVAk,ℓ in two specific settings in which
MVAℓ is known to be polynomial-time solvable.

Specifically, we restrict our attention to the case in which G is a series-parallel or an
extension-parallel graph. Extension–parallel graphs form a special case (subclass) of se-
ries–parallel graphs. Series-parallel and extension-parallel graphs are considered as natural
special cases in the network interdiction literature [3, 16]. MVAℓ remains NP -hard on series-
parallel graphs [2], but there is a polynomial-time algorithm for MVAℓ on extension-parallel
graphs [3]. The contribution of this note can be summarized as follows:
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Shortest paths before interdiction
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Shortest paths after optimal robust 1-arc interdiction
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Shortest paths after optimal adaptive 1-arc interdiction
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Figure 1: Illustration of an example of three evader’s shortest paths (in blue) before interdic-
tion (first row), shortest paths after optimal robust interdiction (second row), and shortest
paths after optimal adaptive (k = 2) interdiction (last row).

• In Section 2.1, we establish thatAVAk,ℓ remainsNP -hard whenG is extension-parallel.

• In Section 2.2, we show that AVAk,ℓ remains NP -hard when G is series-parallel and
ℓ = 1. Note that both MVA1 and RVA1 are trivially polynomial-time solvable for any
graph. Indeed, there are only |A| possible arcs to interdict, so we can enumerate all
possible choices in polynomial time.

• On the flip side, in Section 3, we show that there is a polynomial-time greedy-like
algorithm for AVAk,ℓ when G is extension-parallel and ℓ = 1.

Next, we review the formal definitions of these two graph structures. Every series-parallel
graph G = (N,A) has a unique source node s ∈ N and sink node t ∈ N . To distinguish these
nodes, we write G = (N,A, s, t). We assume that the nodes s and t given in AVAk,ℓ are the
unique source and sink node, respectively, of the series-parallel graph. The one-arc directed
graph (i.e., that has two nodes and one arc that is incident to both nodes) is a series-parallel
graph that serves as the building block for all other series-parallel graphs. Definition 1.1
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below states a recursive definition for a series-parallel graph, where the one-arc directed
graph provides the “base case.”

Definition 1.1. A series-parallel graph is either a one-arc directed graph or a directed graph
that can be obtained by applying a sequence of the following two operations.

(i) Series composition:

– INPUT: Series-parallel graphs G1 = (N1, A1, s1, t1) and G2 = (N2, A2, t1, t2) such
that N1 ∩N2 = {t1}.

– OUTPUT: Series-parallel graph G = (N1 ∪N2, A1 ∪ A2, s1, t2).

(ii) Parallel composition:

– INPUT: Series-parallel graphs G1 = (N1, A1, s, t) and G2 = (N2, A2, s, t) such
that N1 ∩N2 = {s, t}.

– OUTPUT: Series-parallel graph G = (N1 ∪N2, A1 ∪ A2, s, t).

Definition 1.2. A series-parallel graph is an extension-parallel graph if at least one of the
input graphs in every series composition of its construction is a one-arc directed graph.

We introduce binary tree TG = (HG, EG) that captures the construction of series-parallel
graph G. We refer to TG as the decomposition tree of G. Each node H ∈ HG in TG is a
series-parallel subgraph of G. Each leaf H ∈ HG in TG corresponds to a single arc within
the graph G. All other (internal) nodes H ∈ HG are the series or parallel composition of
their two children.

The remainder of this note is organized as follows. In Section 2, we establish the outlined
hardness results for AVAk,ℓ when (i) graph G is extension-parallel, or (ii) graph G is series-
parallel and ℓ = 1. In Section 3, we introduce an exact, polynomial-time greedy algorithm
for AVAk,ℓ when both conditions (i) and (ii) hold simultaneously, i.e., G is extension-parallel
and ℓ = 1. Finally, we conclude the paper with some additional remarks in Section 4.

2 Computational complexity of AVAk,ℓ

In Section 2.1, we establish the hardness of AVAk,ℓ on extension-parallel graphs via a re-
duction from the bin-packing problem to the decision version of AVAk,ℓ. In Section 2.2, we
demonstrate the same result for ℓ = 1 on series-parallel graphs via a reduction from the
set-cover problem to the decision version of AVAk,ℓ.

2.1 Extension-parallel graphs

First, we formalize the decision version of AVAk,ℓ, namely, AVAk,ℓ-decision. Next, we
restate the classical Bin Packing problem, which is known to be strongly NP -complete [13].
Finally, we establish the NP -completeness of AVAk,ℓ-decision on extension-parallel graphs.

AVAk,ℓ-decision:
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Instance. A graph G = (N,A), nodes s, t ∈ N , positive integers k,m, ℓ, α ∈ Z>0, and the

evader’s traversal costs c(i) ∈ Z|A|
≥0, i ∈ [m].

Question. Do there exist k interdiction policies A(1), . . . , A(k) ∈ Aℓ such that

min
i∈[m]

max
j∈[k]

Zi(G \ A(j)) ≥ α?

Bin Packing:

Instance: A finite set of items [m], a size si ∈ Z>0 for each item i ∈ [m], a positive integer
bin capacity β ∈ Z>0 and a number of bins k ∈ Z>0.
Question: Is there a partition of [m] into k disjoint subsets I1, . . . , Ik such that the sum of
the sizes of the items in each subset Ij, j ∈ [k], is at most β?

Theorem 2.1. AVAk,ℓ-decision is NP -complete on extension-parallel graphs.

Proof. Given an instance of Bin Packing, we construct the following instance ofAVAk,ℓ-decision.
Define:

N := {s} ∪ {t} ∪ V (1) ∪ V (2) ∪ . . . ∪ V (m),

where V (i) := {v(i)q | q = 1, . . . , si} for all i ∈ [m]. Next, we connect source node s with each
node in V (i) for all i ∈ [m] by an arc, which are then also connected by an arc to t. In other
words, we let A := A(s) ∪ A(t), where

A(s) :=
⋃
i∈[m]

{
(s, u) | u ∈ V (i)

}
, and A(t) :=

⋃
i∈[m]

{
(u, t) | u ∈ V (i)

}
,

which implies that |N | = 2+
∑

i∈[m] si and |A| = 2 ·
∑

i∈[m] si. Recall that the Bin Packing
problem is strongly NP -complete. That is, the problem remains NP -complete even if the
item sizes and bin capacities are bounded by a polynomial in the number of items. Hence,
the considered reduction remains polynomial as long as the item sizes si are bounded by a
polynomial in m for all i ∈ [m].

Furthermore, we observe that:

(i) G is an extension-parallel graph;

(ii) G contains
∑

i∈[m] si arc-disjoint directed paths from s to t, and each path contains
exactly 2 arcs.

Next, assume that the number of the evaders is equal to the number of items, i.e., m.
Denote every path from s to t by P

(i)
q := {(s, v(i)q ), (v

(i)
q , t)}, where i ∈ [m] and q ∈ [si]. Then,

define the cost structure for evader i ∈ [m] as follows:

• for all q ∈ [si] and for both arcs a ∈ P
(i)
q , set c

(i)
a = 0;

• for all q ∈ [sh], h ̸= i, and for both arcs a ∈ P
(h)
q , set c

(i)
a = 1/2.

The outlined cost setting implies that each evader i has si arc-disjoint directed paths
from s to t of cost 0, and each of these paths contains a node from V (i). The cost of each of
the remaining arc-disjoint paths for the evader is equal to 1. Finally, we let ℓ = β and α = 1.
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• Let Bin Packing return “yes.” That is, there exists a partition of [m] into k disjoint
subsets I1, . . . , Ik such that the sum of the sizes of the items in each subset Ij, j ∈ [k],
is at most β. Then, we design the following interdiction policy for every j ∈ [k]: for all
i belonging to the set Ij in the Bin Packing solution, we interdict all si arcs of the

form (s, v
(i)
h ), where h ∈ [si]. Since

∑
i∈Ij si ≤ β = ℓ, the interdictor can (adaptively)

remove the necessary arcs to interdict all paths of cost 0 for all m evaders, due to our
construction. Therefore, AVAk,ℓ-decision returns “yes.”

• Conversely, if AVAk,ℓ-decision returns “yes,” then
∑

a∈P c
(i)
a ≥ 1, for all i ∈ [m],

where P is a shortest s-t path in G after interdiction by policy j that corresponds
to evader i. By our construction, this implies that all paths P

(i)
h , where h ∈ [si], are

interdicted for evader i. Furthermore, recall that all paths from s to t are arc-disjoint.
Hence, we can form set Ij by assigning to it all items si, which correspond to evaders
that are interdicted using policy A(j). Given that β = ℓ, its clear that

∑
i∈Ij si ≤ β for

all j ∈ [k], so Bin Packing returns “yes.”

The proof is complete.

Finally, Theorem 2.1 implies that:

Corollary 2.1. AVAk,ℓ is NP -hard on extension-parallel graphs.

2.2 Series-parallel graphs and unit interdiction budget

First, we introduce AVAk,1-decision, the decision version of AVAk,ℓ with ℓ = 1. Next,
we restate the classical Set Covering problem, which is known to be NP -complete [13].
Finally, we establish the NP -completeness of AVAk,1-decision on series-parallel graphs.

AVAk,1-decision

Instance. A graph G = (N,A), nodes s, t ∈ N , strictly positive integers k,m, α, where

k > m, and costs c
(i)
a for i ∈ [m] to traverse arc a.

Question. Do there exist k arcs a1, . . . , ak ∈ A such that mini∈[m] maxj∈[k] Zi(G \ {aj}) ≥ α?

Set Covering

Instance. A universal set of elements, U = {1, . . . ,m}, subsets S1, . . . , Sp ⊆ U , and an
integer β > 0.
Question. Does there exist a valid cover C ⊆ {S1, . . . , Sp} such that |C| ≤ β?

Theorem 2.2. AVAk,1-decision is NP-complete on series-parallel graphs.

Proof. For a given instance of Set Covering, we construct an instance ofAVAk,1-decision as
follows. We let N := V (s) ∪V (u) ∪V (v), where V (s) := {s1, . . . , sp}, V (u) := {u1, . . . , up}, and
V (v) := {v1 . . . , vp}. Define A := A(s) ∪ A(u) ∪ A(v), where

A(s) := {(s1, u1), (s1, v1), . . . , (sp, up), (sp, vp)} ,
A(u) := {(u1, s2), . . . , (up−1, sp), (up, t)} ,
A(v) := {(v1, s2), . . . , (vp−1, sp), (vp, t)} .
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Note that the constructed graph is the result of a series composition of p two-terminal series-
parallel graphs. That is, the final graph denoted by G = G1 ◦ . . . ◦ Gp (where ◦ denotes a
series composition operation), is a series-parallel graph of the form given in Figure 2.

s1

u1

v1

s2

u2

v2

s3 sp

up

vp

t. . .

Figure 2: Construction of AVAk,1-decision given Set Covering.

We let k = β and α = 1 in our AVAk,1-decision instance. Finally, we outline the cost

structure for the instance. For all arcs in A(s) ∪ A(u), we let c
(i)
a := 0, for all i ∈ [m]. For all

arcs a := (vq, sq+1) ∈ A(v), where sp+1 := t, we let

c(i)a :=

{
1, i ∈ Sq,

0, i /∈ Sq.

Some additional notation specific to the outlined construction allows us to be slightly more
informal when we describe solutions to the problem. For any q ∈ [p], we let P

(q)
u := sq, uq, tq

and P
(q)
v := sq, vq, tq, where tq := sq+1 for q = 1, . . . , p − 1 and tq := t for q = p. Further,

we note that in this instance the attacker’s decision simply corresponds to a selection of
the subgraphs G1, . . . , Gp, or more precisely, of their paths P

(1)
u , . . . , P

(p)
u . In every such

subgraph, interdicting any of the arcs in P
(q)
u removes the path from the graph, so we simply

refer to the interdiction of the entire path for the rest of the proof.
We preface the final part of the proof with several observations about the constructed

AVAk,1-decision instance and the problem statement:

(i) Under this construction, the uninterdicted objective for any evader i is Zi(G) = 0.

(ii) If an evader i is forced to traverse a single path P
(q)
v where i ∈ Sq in the original

Set Covering instance, then the evader’s objective value is 1, as ci(P
(q)
v ) = 1 by the

construction. Further, we know it is exactly 1 in this case because ℓ = 1.

(iii) The AVAk,1-decision instance is a “yes” instance if and only if there exists a solution
that increases every evader’s shortest path to 1.

(iv) In a “yes” solution to AVAk,1-decision, for any evader q, there is exactly one arc a in

the evasion path such that c
(q)
a = 1, which follows directly from (i), (ii), and (iii) above.

We are prepared to establish our result:
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• Let Set Covering return “yes”. It follows from the problem definition that we have
valid cover, i.e., a set C = {S1, . . . , Sk} such that S1 ∪ . . . ∪ Sk = U . Consider the
following solution to AVAk,1: for every index q ∈ [p], if Sq ∈ C, then we interdict path

P
(q)
u . The AVAk,1 instance is a “yes” instance, as observations (ii) and (iii) above are

satisfied.

• Let AVAk,1 return “yes”. We can construct a set cover solution by including a subset

Sq in C only if P
(q)
u is interdicted in the AVAk,1 solution. Observation (iv) above,

along with the construction of the graph cost structure, imply that C covers U , and
Set Covering returns “yes”.

The proof is complete.

Finally, Theorem 2.2 implies that:

Corollary 2.2. AVAk,ℓ is NP -hard on series-parallel graphs even when ℓ = 1.

3 Polynomial-time algorithm for extension-parallel

graphs under unit interdiction budget

In this section we develop and study a greedy algorithm for solving problem AVAk,ℓ under
unit interdiction budget, i.e., ℓ = 1. We present a description of the greedy algorithm in
Algorithm 1. Note that, since ℓ = 1, we simply refer to “policies” as “arcs” when discussing
the algorithm. Indeed, each policy corresponds to interdicting exactly one arc. Also, we use
MVA

(i)
1 to denote the problem MVA1 for the i-th evasion cost scenario, i.e., the i-th evader.

The algorithm initializes an empty set of follower indices, U , and an empty set of arcs,
Â, in Step 1. In Steps 2-7, the algorithm adds arcs to Â (and evader indices to U) until it
contains k arcs (and U contains k evader’s indices). At every iteration, the algorithm chooses
an evader i in Step 3 that currently has the shortest path in G when adaptively interdicted
by the arcs available in Â, and adds the optimal solution to MVA

(i)
1 to the arc set.

Algorithm 1 Greedy Algorithm

1: U ← {}, Â← {}
2: for j = 1, . . . , k do
3: i← argmini′∈[m]\U maxa∈Â Zi′(G \ {a})
4: U ← U ∪ {i}
5: a(j) ← optimal solution of MVA

(i)
1

6: Â← Â ∪ {a(j)}
7: end for
8: return Â = {a(1), . . . , a(k)}

Relation to the greedy algorithm for the k-center problem. The k-center problem
is a fundamental problem in the computer science domain that finds various applications
in, for example, facility location [8] and clustering [12, 17]. Given m points in a metric
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space, the goal of the problem is to choose k points to be centers such that the maximum
distance (under the metric) between a point and its closest center is minimized. Algorithm 1
can be viewed as an adaptation of the classic greedy 2-approximation algorithm for the k-
center problem proposed in [15]. The algorithm can be summarized as follows. First, it
chooses any point to be the first center. Then, at each iteration, it chooses the next center
to be the point that is farthest from the centers chosen thus far. The algorithm terminates
once k centers have been chosen. Notice that Algorithm 1 follows a similar structure, using
interdiction policies (i.e., solutions to problem MVA

(i)
1 ) as the “points”. In Step 3, we choose

the evader, who is, in a sense, “worst” interdicted by the current set of policies, just like the
k-center algorithm chooses the point that is farthest from the current centers.

Computational complexity. The worst-case running time of the algorithm is polynomial
in the size of the input. Indeed, the bottlenecks are in Step 5 and Step 3. In Step 5,
we must find an optimal solution of MVA1 for a given evader, which is trivially solvable
by enumeration. Step 3 involves solving O(m) shortest path problems. Finally, note that
the Algorithm can be implemented more efficiently by pre-computing and sorting all of the
evader’s shortest paths first, but we are only concerned with showing that the running time
is polynomial, rather than further improvements, due to the scope and focus of this work.

In the remainder of this section, we show that Algorithm 1 outputs an optimal solution
to Problem AVAk,ℓ under the assumptions that (i) G is an extension-parallel graph and (ii)
ℓ = 1. Let

Pa(G) := {P ∈ P(G) : a ∈ A(P )}
denote the set of directed s-t paths in G that contain arc a ∈ A(P ).

As a starting point, we establish the a basic property of extension-parallel graphs; see
Lemma 3.1 below. The property implies that removing either the first or last arc in any s-t
path of an extension-parallel graph provides at least as strong of a 1-arc interdiction policy
as removing any other arc in the path.

Lemma 3.1. Suppose that graph G is an extension-parallel graph. Let P ∈ P(G) and
a ∈ A(P ). Then at least one of the following two statements holds.

(i) Pa(G) ⊆ Paf (G), where af is the first arc in path P .

(ii) Pa(G) ⊆ Paℓ(G), where aℓ is the last arc in path P .

Proof. Consider the decomposition tree TG = (HG, EG) of G. Let H ∈ HG denote the
smallest (say in terms of number of nodes) extension-parallel subgraph H ∈ HG of G within
HG that contains the directed s-t path P . If H is a leaf of TG, then H is an arc in G, in which
case the desired result trivially holds, so assume that H is not a leaf in TG. Because H is the
smallest subgraph in HG that contains P , it must be the case that H is a series-composition
of its two children in TG (otherwise one child of H would contain P , contradicting the fact
that H is the smallest subgraph that contains P ). It follows that

Pa(G) = Pa(H),

and it also follows that

Paf (H) = P(H) or Paℓ(H) = P(H)
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given that H is extension-parallel (at least one child of H in TG is a single arc). Suppose
that Paf (H) = P(H). Then,

Pa(G) = Pa(H) ⊆ P(H) = Paf (H) ⊆ Paf (G).

The same argument applies when Paℓ(H) = P(H). Thus, the proof is complete.

Next we introduce and consider the concept of a blocker arc:

Definition 3.1. We say that arc a ∈ A is a blocker arc if there exists an s-t path P ∈ Pa(G)
such that Pa′(G) ⊆ Pa(G) for all a′ ∈ A(P ). We refer to path P as a relative blocking path
for arc a.

From Lemma 3.1, if G is extension-parallel, then every s-t path P ∈ P(G) contains a
blocker arc a ∈ A(P ) with P as its relative blocking path. Consequently, there is always a
blocker arc that is optimal for MVA(i)

a for each i ∈ [m].
We are now prepared to show that Algorithm 1 outputs an optimal solution to Problem

AVAk,ℓ when (i) G is an extension-parallel graph and (ii) ℓ = 1. Without loss of generality,
we assume that a blocker arc is always selected in Step 5.

Theorem 3.1. Suppose that G is extension-parallel and ℓ = 1. Further suppose that Al-
gorithm 1 selects a blocker arc in Step 5 in all k iterations. Then Algorithm 1 is an exact
algorithm for Problem AVAk,ℓ.

Proof. First we establish some notation. Let a(1∗), . . . , a(k∗) denote an optimal solution to
AVAk,ℓ. The optimal objective value of AVAk,ℓ is then given by

f ∗ := min
i∈[m]

max
j∈[k]

Z(G \ a(j∗)),

and optimal evader clusters are given by

C∗
j :=

{
i ∈ [m] : j ∈ argmax

j′∈[k]
Zi(G \ a(j

′∗))
}
, j ∈ [k]. (1)

For each j ∈ [k], let ij denote the evader selected in Step 3 of the j-th iteration of Algorithm 1.

It follows that a(j) is an optimal solution for MVA
(ij)
1 . Let

f̂ := min
i∈[m]

max
j∈[k]

Z(G \ a(j))

denote the objective value of the output solution a(1), . . . , a(k) of Algorithm 1. Let Pj denote
the relative blocker path for arc a(j).

Next we make note of an implication of Lemma 3.1. For j, u ∈ [k], if iu ∈ C∗
j and

a(j) ∈ A(Pu), then
Zi(G \ a(u)) ≥ Zi(G \ a(j∗)) (2)

for each i ∈ C∗
j because arc a

(u) is a blocker arc with relative blocking path Pu (by supposition;
see the theorem statement).

It is sufficient to show that f̂ ≥ f ∗. We consider two cases:

11



Case 1. Suppose that there exist j, u ∈ [k] such that iu ∈ C∗
j and a(j∗) /∈ A(Pu). Then

evader iu can traverse a shortest path (for evader iu) at optimality, so

f ∗ ≤ Ziu(G) ≤ f̂ ,

where the second inequality follows from Step 3 of Algorithm 1.

Case 2. Suppose that a(j
∗) ∈ A(Pu) for any j, u ∈ [k] such that iu ∈ C∗

j . We consider two
subcases:

Case 2.1. Suppose that each optimal evader cluster (as defined in (1)) contains exactly
one of the evaders i1, . . . , ik. So, for each j ∈ [k], there exists some u(j) ∈ [k] such that
iu(j) ∈ C∗

j . Let i ∈ [m], and take j ∈ [k] such that i ∈ C∗
j . Then, we have that

max
v∈[k]

Zi(G \ a(v)) ≥ Zi(G \ a(u(j))) ≥ Zi(G \ a(j∗)) ≥ f ∗, (3)

where the second inequality follows from (2) (which we can apply under the supposition of
Case 2), and the last inequality follows from i ∈ C∗

j . Because inequality (3) holds for all

i ∈ [m], we conclude that f̂ = mini∈[m] maxv∈[k] Zi(G \ a(v)) ≥ f ∗.

Case 2.2. Suppose that an optimal evader cluster (as defined in (1)) contains more than
one evader. So, there exists j ∈ [k] such that iu, iv ∈ C∗

j for u < v ∈ [k]. From Step 3 of
Algorithm 1,

f̂ ≥ min
i∈C∗

j

Ziv(G \ a(u)) ≥ min
i∈C∗

j

Ziv(G \ a(j
∗)) ≥ f ∗,

where the second inequality follows from (2) (which we can apply under the supposition of
Case 2).

4 Conclusion

We introduce a generalization of the robust ℓ-most-vital-arcs problem, namely, the k-adaptive
ℓ-most-vital-arcs problem (AVAk,ℓ), which allows for k contingency interdiction plans to be
computed. The classic ℓ-most-vital-arcs problem (MVAℓ), which is NP -hard even on series-
parallel graphs, is known to be tractable in two special cases of interest. Namely, MVAℓ is
polynomial-time solvable when ℓ = 1, or when the underlying graph is extension-parallel.
In this note, we show that AVAk,ℓ is difficult when either (i) the graph is extension-parallel
or (ii) the graph is series-parallel and ℓ = 1. On the other hand, we also show that there
is a polynomial-time greedy algorithm for AVAk,ℓ when both conditions (i) and (ii) hold
simultaneously. As an intriguing direction for future research, it could be of interest to
explore whether our greedy algorithm provides some approximation guarantees for more
general graph classes.
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