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Abstract

In the celebrated ¢-most-vital-arcs problem , an interdictor seeks to remove
{ arcs in a given directed graph in order to maximize the length of an evader’s shortest
directed s-t path. We propose and study a generalization of the problem that we refer
to as the k-adaptive £-most-vital-arcs problem , which reflects the practical
situation in which the interdictor does not have full information about the evader, but
can prepare for uncertainty with contingency plans. In there are a finite num-
ber of possible realizations of the evader’s arc costs. Before the costs are realized, the
interdictor precomputes k interdiction policies (i.e., contingency plans). Then, after the
costs are realized, the interdictor executes one of the k precomputed ¢-arc interdiction
policies. The interdictor’s aim is to maximize the worst-case (i.e., shortest) shortest
s-t path across all realizations of the arc costs. Since is N P-hard and a special
case of it follows that is NP-hard as well. We show that is
N P-hard in settings where is polynomial-time solvable, specifically, when either
(i) the graph is extension-parallel or (ii) the graph is series-parallel and ¢ = 1. On
the flip side, we also show that there is a polynomial-time algorithm for when
both conditions (7) and (4i) hold simultaneously.

Keywords. Shortest path interdiction, k-adaptive robust optimization, computational
complexity, series-parallel graphs.

1 Introduction

In the (-most-vital-arcs problem (MVA), an interdictor aims to remove ¢ arcs from a given
directed graph in order to maximize the length of an evader’s shortest directed s-t path,
i.e., a directed path from a given node s to a given node t in the graph [2, 21]. is a
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fundamental and perhaps the most celebrated problem within the network interdiction and
critical elements detection literature; see, e.g., [I§] and the survey [22].

Formally, let G := (N, A) be a directed graph, where N and A denote the sets of its
nodes and arcs, respectively. Let s,t € N, and assume that the evader traverses the graph
along an s-t directed path. We assume that G is a simple directed graph, i.e, it has no
self-loops and no parallel arcs. Define ¢, € R5( to be the cost for the evader to traverse arc
a € A. We collect the arc costs into the vector ¢ € RLAA.

Next, let A, denote the set of subsets of A of cardinality at most £. In other words, each

element of A, represents a feasible interdiction policy consisting of at most ¢ arcs. Then,

is given by:

A'€ A, PEP(G\AY)

max  min Z Ca, (MVA))
acA(P)

where the graph G\ A’ is the subgraph of G induced by arcs A\ A, i.e., G\ A" := (N, A\ A),
the set P(G \ A’) is the set of all directed s-t paths in G\ A’, and the set A(P) is the set of
all arcs in the path P. We assume without loss of generality that G \ A’ contains a directed
s-t path for all A" € Ay, or, equivalently, no interdiction policy in A, induces an s-t cut.

In this note, we consider a generalization of in which the interdictor does not
have full information about the evader. We model this lack of information (or uncer-
tainty) by considering m possible scenarios (realizations) of the evader’s arc costs given
by ¢W, ..., ™ ¢ ]le()'. Alternatively, one can interpret this network interdiction setting
as the problem with m distinct evaders, exactly one of whom (unknown to the interdictor)
attempts to traverse the graph G from node s to node ¢.

Given this setup, it is natural to consider a robust variation of the (-most-vital-arcs
problem in which the interdictor aims to maximize the worst-case (i.e., shortest) shortest
directed s-t path across all realizations of the evader’s arc costs. This problem, which we

refer to as the robust ¢-most-vital-arcs problem (RVAj)), is given by:

max min Z;(G \ A), (RVA,)

A€ Ay ic[m)]

where [m] :={1,...,m}, and Z;(G \ A') := minpepc\a) D uca(p) o

However, in some application settings, the interdictor can adapt to uncertainty via contin-
gency plans. That is, before the evader’s arc costs are realized, the interdictor precomputes k
interdiction policies AW, ..., A®) € A, (i.e., contingency plans). Once the costs are revealed,
the interdictor has the capability to implement one of the k precomputed f-arc interdiction
policies. Ultimately, the interdictor’s aim is to maximize the worst-case (i.e., shortest)
shortest directed s-t path across the realizations of the evader’s arc costs, just as in [RVA/]
Formally, we study the k-adaptive {-most-vital-arcs problem , which is given by:

A0, 4 Ay ielm] Je (G\A™) ( kot)

and one can observe that is a special case of with & = 1. Throughout the

note, we assume k < m.

Naturally, in the ideal situation for the interdictor, we have k = m. Then, simply
reduces to solving m copies of MVA, and the interdictor applies an optimal interdiction
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policy for each evasion cost scenario (or, equivalently, for each distinct evader). However,
from the practical perspective, it is rarely feasible to prepare for every possible realization of
the evader’s costs. In real-world security and defense applications, decision-makers prefer to
maintain only a limited number of contingency plans. Indeed, implementing and coordinat-
ing a large set of interdiction policies may result in an extremely complex task that can be
resource-intensive and prone to errors. This trade-off motivates the study of the k-adaptive
setting, where the interdictor balances the overall solution quality with the practical need
for a reasonably small and manageable set of interdiction policies.

Note that bears a close connection to the k-adaptive robust optimization litera-
ture [7]. The key difference is that the underlying nominal problem in [AVAy /| i.e., [MVA/]
is a bilevel optimization problem, instead of a single-level optimization problem. In particu-
lar, in the interdictor acts as the upper-level decision-maker (the leader), and given
the leader’s decision (interdiction), the evader (the follower) solves their own lower-level
optimization problem (the shortest path problem).

The motivation behind k-adaptive robust optimization is to address the potentially overly
conservative nature of robust optimization; see, e.g., [I, 4 [5, [6, O 10, [T, 15, 20]. In the
same spirit, the potential advantage of over is also evident. If the interdictor
has the capability to precompute contingency plans and to select one after the uncertainty
is realized, then the performance of interdiction policies may improve significantly.

To this end, consider the example depicted in Figure . There are m = 3 evaders (or cost
scenarios). Their arc traversal costs and shortest s-t paths before interdiction are depicted
in the first row of the figure. Note that the worst-case (i.e., shortest) shortest s-t path length
before interdiction equals min{6,5,6} = 5. Suppose that the interdictor can remove one arc
from the graph, i.e., £ = 1. We illustrate the shortest s-t paths under the optimal robust 1-arc
interdiction policy A’ = {(s,1)} (i.e., optimal solution to RVA;) in the second row of Figure
. The worst-case shortest path length increases slightly to min{26, 28,6} = 6. Suppose that
the interdictor can precompute k = 2 interdiction policies and choose one to implement once
uncertainty (the evader) is revealed (e.g., perhaps there is surveillance installed around node
s that captures which evader appears). We illustrate the shortest s-¢ paths under the optimal
adaptive l-arc interdiction policy A = {(s,1)}, A® = {(2,4)} (i.e., the optimal solution
to AVA,; in the third row of Figure . The worst-case shortest s-t path length increases
significantly to min{26,28,18} = 18. Thus, at least in this case, adaptive interdiction
strategies provide an attractive alternative to the corresponding static robust approach.

The problem is known to be N P-hard [2]. Clearly, it follows that is N P-

hard because is a special case of with & = m = 1. Intuitively, should
be somewhat “harder” than [MVA, which raises a natural question: how much harder is

[AVA / if at all, in settings, where is computationally “easy”? To address this ques-
tion, we explore the computational complexity of in two specific settings in which
is known to be polynomial-time solvable.

Specifically, we restrict our attention to the case in which G is either a series-parallel
or an extension-parallel graph. Extension-parallel graphs form a special case (subclass) of
series-parallel graphs. Series-parallel and extension-parallel graphs are considered as natural
special cases in the literature on network interdiction [3, [I7] and network games [12]. In
particular, remains N P-hard on series-parallel graphs [2], but there is a polynomial-
time algorithm for on extension-parallel graphs [3]. Then, the contribution of this
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Figure 1: Illustration of an example of three evader’s shortest paths (in blue) before interdic-
tion (first row), shortest paths after optimal robust interdiction (second row), and shortest
paths after optimal adaptive (k = 2) interdiction (last row).

note can be summarized as follows:

e In Section[2.1} we establish that[AVA} Jremains N P-hard when G is extension-parallel.

e In Section 2.2 we show that remains N P-hard when G is series-parallel and
¢ = 1. Note that both MVA; and RVA; are trivially polynomial-time solvable for any
graph. Indeed, there are only |A| possible arcs to interdict, so we can enumerate all
possible choices in polynomial time.

e On the flip side, in Section [3, we show that there is a polynomial-time greedy-like
algorithm for when G is extension-parallel and ¢ = 1.

Next, we review the formal definitions of these two graph structures; see, e.g., [12]. Every
series-parallel graph G = (N, A) has a unique source node s € N and sink node t € N. To
distinguish these nodes, we write G = (N, A, s,t). We assume that the nodes s and ¢ given
in are the unique source and sink node, respectively, of the series-parallel graph.
The one-arc directed graph (i.e., that has two nodes and one arc that is incident to both
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nodes) is a series-parallel graph that serves as the building block for all other series-parallel
graphs. Definition below states a recursive definition for a series-parallel graph, where
the one-arc directed graph provides the “base case.”

Definition 1.1. A series-parallel graph is either a one-arc directed graph or a directed graph
that can be obtained by applying a sequence of the following two operations.

(i) Series composition:

— INPUT: Series-parallel graphs G = (Ny, Ay, s1,t1) and Gy = (Ng, Ay, t1,t2) such
that N1 N N2 = {tl}

— OUTPUT: Series-parallel graph G = (N; U No, A1 U As, 51, t2).
(i1) Parallel composition:

— INPUT: Series-parallel graphs G; = (N1, Ay, s,t) and Go = (N, Ag, s,t) such
that N1 N N2 = {S,t}.

— OUTPUT: Series-parallel graph G = (N7 U Ny, A1 U Ay, s,1).

Definition 1.2. A series-parallel graph is an extension-parallel graph if at least one of the
input graphs in every series composition of its construction is a one-arc directed graph.

Furthermore, we introduce the binary tree 7¢ = (Hq, Eq) that captures the construction
of the series-parallel graph G. We refer to 7 as the decomposition tree of G. Each node
H € Hg in T is a series-parallel subgraph of G. Each leaf H € H¢ in T corresponds to a
single arc within the graph G. All other (internal) nodes H € H are the series or parallel
composition of their two children.

The remainder of this note is organized as follows. In Section 2] we establish the outlined
hardness results for when (7) graph G is extension-parallel, or (i7) graph G is series-
parallel and ¢ = 1. In Section [3, we introduce an exact, polynomial-time greedy algorithm
forwhen both conditions () and () hold simultaneously, i.e., G is extension-parallel
and ¢ = 1. Finally, we conclude the paper with some additional remarks in Section [4]

2 Computational complexity

In Section [2.1 we establish the hardness of on extension-parallel graphs via a re-
duction from the bin-packing problem to the decision version of [AVA, ] In Section [2.2] we
demonstrate the same result for £ = 1 on series-parallel graphs via a reduction from the
set-cover problem to the decision version of [AVA; /]

2.1 Extension-parallel graphs

First, we state the decision version of [AVA, ] namely, AVA, ,-DECISION. Next, we restate
the classical BIN PACKING problem, which is known to be strongly N P-complete [14]. Fi-
nally, we establish the /N P-completeness of AVA;, ,~-DECISION on extension-parallel graphs.



We now formally define the following two decision problems.
AVA, ,~-DECISION:

Instance. A graph G = (N, A), nodes s,t € N, positive integers k, m, ¢, a, and the evader’s
positive traversal costs ¢ for all i € [m] to traverse arcs a € A.

Question. Do there exist k interdiction policies AM, ..., A® € A, such that

min max Z;(G \ AY)) > a?
ic[m] jelk]

BIN PACKING:

Instance: A finite set of items [m], a size s; € Z+ for each item ¢ € [m], a positive integer
bin capacity 8 € Z~o and a number of bins k € Z~.

Question: Is there a partition of [m] into k disjoint subsets I, ..., I such that the sum of
the sizes of the items in each subset [;, j € [k], is at most 57

Theorem 2.1. AVA, ,-DECISION is N P-complete on extension-parallel graphs.

Proof. Given an instance of BIN PACKING, we then construct the following instance of
AVA, -DECISION. Define:

N:={s}u{tjuvBuv@uy. . uvm,

where V) .= {véi) |g=1,...,s;} for all i € [m]. Next, we connect source node s with each
node in V@ for all i € [m] by an arc, which are then also connected by an arc to ¢. In other
words, we let A := A®) U A® where

AD = {(s;uw) Jue VDY, and A = | {(u,t) |ueVD},

i€[m] i€[m]

which implies that [N| =2+3",,,si and [A]=2-37,. s;. Recall that the BIN PACKING
problem is strongly N P-complete. That is, the problem remains N P-complete even if the
item sizes and bin capacities are bounded by a polynomial in the number of items. Hence,
the considered reduction remains polynomial as long as the item sizes s; are bounded by a
polynomial in m for all i € [m).

Furthermore, we observe that:

(i) G is an extension-parallel graph;

(7) G contains Zie[m} s; arc-disjoint directed paths from s to ¢, and each path contains
exactly 2 arcs.

Next, assume that the number of the evaders is equal to the number of items, i.e., m.
Denote every path from s to ¢ by P\ := {(s,v\"), (v{”, 1)}, where i € [m] and q € [s;]. Then,
define the cost structure for evader i € [m| as follows:

e for all ¢ € [s;] and for both arcs a € P set ) = 0;
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e for all ¢ € [sy], h # 7, and for both arcs a € Pq(h), set ) = 1.

The outlined cost setting implies that each evader ¢ has s; arc-disjoint directed paths
from s to t of cost 0, and each of these paths contains a node from V®. The cost of each of
the remaining arc-disjoint paths for the evader is equal to 2. Finally, we let / = 8 and o = 2.

e Let BIN PACKING return “yes.” That is, there exists a partition of [m] into & disjoint
subsets I, ..., I} such that the sum of the sizes of the items in each subset is at most 3.
Then, we design the following interdiction policy for every j € [k]: for all i belonging
to the set /; in the BIN PACKING solution, we interdict all s; arcs of the form (s, U,(f)),
where h € [s;]. Since } ., s; < 8 = {, the interdictor can (adaptively) remove the
necessary arcs to interdict all paths of cost 0 for all m evaders, due to our construction.
Therefore, AVAj, /-DECISION returns “yes.”

e Conversely, if AVA -DECISION returns “yes,” then ) _p > 2, for all i € [m],
where P is a shortest s-t path in G after interdiction by policy j that corresponds
to evader 7. By our construction, this implies that all paths P,El , where h € [s;], are
interdicted for evader i. Furthermore, recall that all paths from s to ¢ are arc-disjoint.
Hence, we can form set I; by assigning to it all items s;, which correspond to evaders
that are interdicted using policy AY. Given that 8 = ¢, it is clear that Zielg_ s; < pB
for all j € [k], so BIN PACKING returns “yes.”

The membership of the problem in N P is clear, which completes the proof. O
Finally, Theorem [2.1] implies that:
Corollary 2.1. is NP-hard on extension-parallel graphs.

2.2 Series-parallel graphs and unit interdiction budget

First, we introduce AVAj ;-DECISION, the decision version of with ¢ = 1. Next,

we restate the classical SET COVERING problem, which is known to be N P-complete [14].

Finally, we establish the N P-completeness of AVAj ;-DECISION on series-parallel graphs.
We now formally define the following two decision problems.

AVA, 1-DECISION

Instance. A graph G = (N, A), nodes s,t € N, positive integers k, m, a, and the evader’s

positive traversal costs ) for all i € [m] to traverse arcs a € A.
Question. Do there exist k arcs ai, ..., a; € A such that min;ep, max;jep Z;(G \ {a,}) > a?

SET COVERING

Instance. A universal set of elements, U = {1,...,m}, subsets Si,...,5, € U, and an
integer 8 > 0.
Question. Does there exist a valid cover C C {S},...,S,} such that |C| < g7

Theorem 2.2. AVA; ;-DECISION is NP-complete on series-parallel graphs.



Proof. For a given instance of SET COVERING, we construct an instance of AVAj, ;-DECISION as
follows. We let N := VO UV® UV where V) = {s1,...,5,,t}, VI 1= {uy,...,u,},
and V@ .= {vy,...,v,}. Define 4 := A U A™ U A where

AW = {(s1,u1), (s1,01), -+ -5 (8ps up), (Spy 0p)
AW = {(Ula 52)7 SO (upfla 3p>7 (up7t>} )
AW = {(vy, 89), ..., (Up_1,5p), (Up, 1)} .

The graph G is series-parallel; see Figure [2| for an illustration.

U U2 Up

NN /
S1 So S3 ce Sp t

NSNS N\

V1 (%) Up
Figure 2: Construction of AVAj ;-DECISION given SET COVERING.

We let £ = 8 and aw = 1 in our AVA; 1-DECISION instance. Finally, we outline the cost

structure for the instance. For all arcs in A® U A® we let ¢{” := 0, for all i € [m]. For all
arcs a = (vg, 5411) € AW, where s,,, = t, we let

1, ie8,,

« {0, i¢s,

Next, some additional notation specific to the outlined construction allows us to be

slightly more informal when we describe solutions to the problem. For any ¢ € [p], we let

P = s, ug, 5441 and P

= S4,Vq, S¢+1- Then, the interdictor’s decision simply corre-
sponds to selecting which paths among qul), e ,P&p ) to interdict. Indeed, interdicting any
of the arcs in P\ removes the path from the graph. Thus, we simply speak of interdicting
path Péq) rather than specifying which arc in it is removed.

We preface the final part of the proof with several observations about the constructed

AVA, ;-DECISION instance and the problem statement:

(7) Under this construction, the uninterdicted objective for any evader i is Z;(G) = 0.

(7)) If an evader 7 is forced to traverse a path PU(Q), where ¢ € S, in the original SET COVER-
ING instance, then this evader’s objective function value is 1. Indeed, by construction,
this path contains the arc a such that ) =1, Moreover, we know that the evader’s
objective is exactly one in this case because ¢ = 1.

(7i) The AVAj,-DECISION instance is a “yes” instance if and only if there exists a solution
that increases every evader’s shortest path to 1.



(7v) In a “yes” solution to AVAy ;-DECISION, for any evader ¢, there is exactly one arc a in

the evasion path such that ci = 1, which follows directly from (4), (i), and (iii) above.

We are prepared to establish our result:

e Let SET COVERING return “yes.” Then, it follows from the problem definition that we
have a valid cover, i.e., aset C = {S,,,..., S} such that S, U...US,, = U. Consider
the following solution to AVAy ;: for every index ¢ € [p], if S, € C, then we interdict

the path quq). Hence, the AVA, ; instance is a “yes” instance, as observations (i) and
(#ii) above are satisfied.

e Let AVAj; return “yes.” Then, we can construct a set cover solution by including

a subset S, in C only if P is interdicted in the AVA, ; solution. Observation (iv)
above and the construction of the graph cost structure imply that C covers U and SET
COVERING returns “yes.”

The membership of the problem in N P is clear, which completes the proof. O]
Finally, Theorem 2.2 implies that:

Corollary 2.2. is NP-hard on series-parallel graphs even when ¢ = 1.

3 Polynomial-time algorithm for extension-parallel
graphs under unit interdiction budget

In this section we develop and study a greedy algorithm for solving problem under
unit interdiction budget, i.e., £ = 1. We present a description of the greedy algorithm in
Algorithm [T} Note that, since £ = 1, we simply refer to “policies” as “arcs” when discussing
the algorlthm Indeed, each policy corresponds to interdicting exactly one arc. Also, we use
MVA to denote the problem MVA; for the i-th evasion cost scenario, i.e., the i-th evader.

The algorithm initializes in Step [1] with an empty set of evader’s indices U, and a set of
arcs, A := {a9}, where a¥ is a “dummy” arc introduced to ensure a well-defined optimiza-
tion problem in Stepl In Steps |38 the algorithm adds arcs to A (and evader’s indices to U)
until it contains k + 1 arcs (and U Contalns k evader’s indices). At every iteration, the algo-
rithm chooses an evader i in Step [ that currently has the shortest path in G When adaptively
interdicted by the arcs available in A and adds the optimal solution to MVA to the arc set.

Relation to the greedy algorithm for the k-center problem. The k-center problem
is a fundamental problem in the computer science domain that finds various applications in,
for example, facility location [§] and clustering [13, 19]. Given m points in a metric space,
the goal of the problem is to choose k£ points to be centers such that the maximum dis-
tance (under the metric) between a point and its closest center is minimized.

Algorithm [I| can be viewed as an adaptation of the classic greedy 2-approximation algo-
rithm for the k-center problem proposed in [16]. The algorithm can be summarized as follows.
First, it chooses any point to be the first center. Then, at each iteration, it chooses the next



Algorithm 1 Greedy Algorithm

U+ 0,A« {a®}
Z(G\ {a®}) := Z;(G) for all i € [m)]
for j=1,...,k do
i 4= argming g,y max,c 3 Zi (G \ {a})
U<+ UU{i}
a < optimal solution of MVA?)
A Au{aD)}
end for
return A\ {a®} = {a®, ... a®}

center to be the point that is farthest from the centers chosen thus far. The algorithm termi-
nates once k centers have been chosen. Notice that Algorithm [1] follows a similar structure,
using interdiction policies (i.e., solutions to problem MVA%Z)) as the “points”. In Step 4| we
choose the evader, who is, in a sense, “worst” interdicted by the current set of policies, just
like the k-center algorithm chooses the point that is farthest from the current centers. Recall
that we assume that a(?) in Step [2] corresponds to a dummy interdiction policy.

Computational complexity. The worst-case running time of the algorithm is polyno-
mial in the size of the input. Indeed, the bottlenecks are in Step[d and Step[6] Step [4]involves
solving O(m) shortest path problems. In Step @, we must find an optimal solution of MVA;
for a given evader, which is trivially solvable by enumeration. Finally, note that the proposed
greedy algorithm can be implemented more efficiently by pre-computing and sorting all of the
evader’s shortest paths first, but we are only concerned with showing that the running time
is polynomial, rather than further improvements, due to the scope and focus of this work.

Performance analysis. In the remainder of this section, we show that Algorithm
outputs an optimal solution to Problem under the assumptions that (i) G is an
extension-parallel graph and (i) ¢ = 1. Let

Pu(G) ={P € P(G):ac AP)}

denote the set of directed s-t paths in G that contain arc a € A.

As a starting point, we establish the basic property of extension-parallel graphs; see
Lemma below. The property implies that removing either the first or last arc in any s-t
path of an extension-parallel graph provides at least as strong of a 1-arc interdiction policy
as removing any other arc in the path.

Lemma 3.1. Suppose that graph G is an extension-parallel graph. Let P € P(G). Denote
by arp and ay, the first and the last arc in path P, respectively. Then, at least one of the
following two statements holds:

(1) Pu(G) C Pop(G) for all a € A(P).
(11) Pou(G) C Py, (G) for all a € A(P).
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Proof. Consider the decomposition tree Tg = (Hg,Eq) of G. Let H € Hg denote the
smallest (say in terms of the number of nodes) extension-parallel subgraph in Hg that
contains the directed s-t path P. If H is a leaf of Tg, then H is an arc in G, in which
case the desired result trivially holds. Hence, assume next that H is not a leaf in 7g.
Because H is the smallest subgraph in H that contains P, it must be the case that H is
a series composition of its two children in Tg (otherwise, one child of H would contain P,
contradicting the fact that H is the smallest subgraph that contains P). It follows that

Pa(G) = Pa(H),
for all a € A(P), and it also follows that
Pop(H)=P(H) or P, (H)=P(H)

given that H is extension-parallel; recall that by its definition at least one child of H in Tg
is a single arc. Suppose that P,,.(H) = P(H). Then,

Pa(G) = Pa(H) € P(H) = Pay(H) C P (G).
The same argument applies when P,, (H) = P(H). Thus, the proof is complete. O
Next, we introduce and consider the concept of a blocker arc:

Definition 3.1. We say that arc a € A is a blocker arc if there exists an s-t path P € P,(G)
such that P, (G) C P,(G) for all a’ € A(P). We refer to path P as a relative blocking path
for arc a.

From Lemma [3.1] if G is extension-parallel, then every s-t path P € P(G) contains a
blocker arc a € A(P) with P as its relative blocking path. Consequently, there is always a

blocker arc that is optimal for MVAgi) for each i € [m].

We are now prepared to show that Algorithm [I| outputs an optimal solution to Problem
AVA, Jwhen (i) G is an extension-parallel graph and (i) £ = 1. Without loss of generality,
we assume that a blocker arc is always selected in Step [6]

Theorem 3.1. Assume that G is extension-parallel and ¢ = 1. Further suppose that Algo-
rithm [1] selects a blocker arc in Step [( in all k iterations. Then, Algorithm [1] is an exact

algorithm for Problem [AVA} ]

Proof. First, we establish some notation. Let a(™), ... a**) denote an optimal solution to

[AVA; ] The optimal objective value of is then given by

f* = min max Z;(G \ a¥),
i€lm] je[k]

and optimal evader clusters are given by

Cr = {z € [m] : j € argmax Zi(G’\a(j'*))}, Vi € [K]. (1)

J'Elk]
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For each j € [k], let i; denote the evader selected in Step of the j-th iteration of Algorithm .
It follows that a”) is an optimal solution for MVA%” ). Let

~

f = minmax Z;(G \ a(j))
i€[m] je[k]

denote the objective function value of the output solution aV, ..., a® of Algorithm . Let
P; denote the relative blocking path for arc aly),

Next, we point out an implication of Lemma . For j,u € [k], if i, € C7 and al™) ¢
A(P,), then

Z,(G\a") 2 Z(G \ a) (2)

for each i € C7 because arc a™ is a blocker arc with relative blocking path P, (by supposition;
see the theorem statement).

Naturally, it is sufficient to show that f > f*. We consider two cases:

Case 1. Suppose that there exist j,u € [k] such that i, € C} and aU*) ¢ A(P,). Then,
evader i, can traverse a shortest path (for evader i,) at optimality, so

<2, (G) < f,

where the second inequality follows from Step [4] of Algorithm

Case 2. Suppose that aU”) € A(P,) for any j,u € [k] such that i, € C}. We consider two
subcases:

Case 2.1. Suppose that each optimal evader cluster (as defined in (1)) contains exactly
one of the evaders iy, ... 4. So, for each j € [k], there exists some u(j) € [k] such that
iu() € C5. Let i € [m], and take j € [k] such that i € C. Then, we have that

max Z;(G \ a®) > Z,(G\ o)) > Z,(G\ a9)) > f*, (3)
ve

where the second inequality follows from (which we can apply under the supposition of
Case 2), and the last inequality follows from i € C7. Because inequality holds for all

i € [m], we conclude that f= min;em,) maxyer Zi (G \ a®) > f*.

Case 2.2. Suppose that an optimal evader cluster (as defined in (1f)) contains more than
one evader from 4y, ..., i4. So, there exists j € [k] such that i,,i, € C} for u < v € [k].
From Step [ of Algorithm

fzZ,(G\a") > Z,(G\a") > [,

where the second inequality follows from (which we can apply under the supposition of
Case 2), and the last inequality follows from i, € Cj. ]

4 Conclusion

We introduce a generalization of the robust {-most-vital-arcs problem, namely, the k-adaptive

(-most-vital-arcs problem (AVAy ), which allows for k£ contingency interdiction plans to be
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computed. The classic /-most-vital-arcs problem , which is N P-hard even on series-
parallel graphs, is known to be tractable in two special cases of interest. Namely, is
polynomial-time solvable when ¢ = 1, or when the underlying graph is extension-parallel.

In this note, we show that is difficult when either (i) the graph is extension-
parallel or (ii) the graph is series-parallel and ¢ = 1. On the other hand, we also show that
there exists a polynomial-time greedy algorithm for when both conditions (i) and
(7i) hold simultaneously. As an intriguing direction for future research, it could be of interest
to explore whether the proposed greedy algorithm provides some approximation guarantees
for more general graph classes.

Disclosure. An Al tool was used to review grammar, spelling, typographical errors, and
overall readability of the paper. No substantive content was generated by Al.
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